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Comment IT on “Inconsistency in the Application of the
Adiabatic Theorem”

Recently, Marzlin and Sanders (MS) [1] showed that
there is some inconsistency in applying the quantum adia-
batic theorem (QAT). Because of the importance of this
theorem, this work has attracted a lot of attention [2,3]. We
show here that MS made a mathematical mistake in arriv-
ing their conclusion.

In brief, MS considered an adiabatic system H(z). For an
eigenstate |Ey(f,)) of this system at t = f,, they defined a
state |if) = Ut (t, t5)|Ey(t,)), where U is the unitary evo-
lution of the system H(z). This state fulfills exactly the
Schrodinger equation with a different Hamiltonian H(r) =
—Ut(t, 1)) H(t)U(t, t). MS went on to prove with Eq. (5)
in Ref. [1] that the adiabatic approximation implies that

|g) = |if), where |) = eifEOIEO(tO)). Finally, they
showed that the result |¢) =~ |¢) leads to an apparent
contradictory, 1 # 1. MS attributed it to the application
of the QAT in Eq. (5), concluding that there is some
inconsistency in applying the QAT.

However, MS made a mathematical mistake in arriving
this conclusion. The contradictory is not caused by the
QAT but by a lapse in MS’s mathematical derivation. To
get that contradictory, they need to prove |¢) =~ |¢) [claim
Eq. (4) in Ref. [1]]. What was actually proved in (5) of
Ref. [1] is that |¢) satisfies approximately the Schrodinger
equation with H, a differential equation. However, one
cannot prove claim (4) from Eq. (5) in Ref. [1] mathe-
matically since, in general, an approximate differential
equation can only lead to a valid solution in short time
scales. When one integrates the approximate differential
equation in Eq. (5), the error can accumulate over time and
cause |¢J) deviates greatly from |¢)). As a result, one cannot
come to the contradictory Eq. (6) in Ref. [1]. We empha-
size that whether one can obtain Eq. (4) from Eq. (5) has
nothing to do with the QAT and it is purely mathematical.

As an example, we consider a two level model, H(z) =
— %o - B(r) with B(r) = {sinf coswt, sinf sinw?, cosf}.
This example was also studied in Ref. [2]. When v <«
wg, this system is adiabatic. For the eigenstate |E,(t))
corresponding to eigenvalue w/2, we find that

F =) = 1 - sinzﬁsinz%t. 1)

Itis clear that we have F = 1 fort < land F # 1 fort =
1. That is, |) = |) is correct only for short evolution
times. More importantly, this example clearly demon-
strates that the deviation shown in the above equation is
not caused by the adiabatic approximation applied to H(z).
One can show with some algebra that for this H(z) the
deviation of its adiabatic solution from its exact solution is
always bounded by a small value proportional to w? even
for an infinite long evolution time. This implies that the
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long-time deviation in Eq. (1) is not caused by the adiabatic
evolution.

One may argue that the mathematical lapse discussed
above just illustrates that careless use of the adiabatic
approximation can lead to erroneous results. However, if
this were truly what MS meant, their statement would be
trivial. Careless use of any approximation, not only the
adiabatic approximation, can lead to errors.

MS used a counterexample, trying to demonstrate that
there are more problems with the QAT. They showed that
this example fulfills a widely-used adiabatic condition
[Eq. (2) in Ref. [1]]; yet the adiabatic approximation
does not hold. However, no one has proved that Eq. (2)
in Ref. [1] is a sufficient adiabatic condition. Messiah in his
well-known book [4] also discussed it after proving the
QAT, stating clearly that it applies only ‘“‘in most cases.” In
fact, MS’s example contains a resonance term and cannot
be an adiabatic system. MS also claimed that their counter-
example fulfills more elaborate criteria such as the one in
Ref. [5]. If so, there must be some subtle mistakes in these
very rigorous mathematical proofs of the QAT. MS failed
to point out any such mistake.

In summary, there is no “‘inconsistency’” in applying the
quantum adiabatic theorem; at least Marzlin and Sanders
have not demonstrated this in Ref. [1] since there is a
mathematical mistake in their reasoning and their counter-
example is not an adiabatic system.
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