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An analytical formula of density oscillations is found for metallic films of finite thickness. The result shows that
the quantum size effect on density oscillations is surprisingly more evident in the middle of the film. As a
result, the density oscillations in a finite film cannot be regarded as a simple addition of the two sets of Friedel
oscillations for half-infinite metal no matter how thick the film is. This analytical result is confirmed by our
numerical jellium-model computation. Such quantum size effect should exist in all the electron-mediated
interactions that are driven by the Friedel oscillations. As an example, we indeed find it also exists in
Ruderman-Kittel-Kasuya-Yosida interactions inside films.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Friedel oscillations are electron density waves induced by
impurities or step edges[1]. Due to their fundamental importance,
the Friedel oscillations have been widely studied in many different
systems. They were observed directly in experiment with scanning
tunneling microscopy (STM) [2-7], and recently, Friedel oscillation
has been used to see the Fermi surface in real space [8]. Friedel
oscillations have also been studied in metallic films, in particular,
there appear indications that Friedel oscillations may be responsible
for the robust quantum size effects observed in Pb (111) films [9].

Motivated by this development, we conducted a careful examina-
tion of the density oscillations in metallic films. For a half-infinite
metallic film, the deviation of the electron density from the averaged
value (Friedel oscillations) has the following form [10]:

cos 2(kex)

on(x) ~ <255, M

where kf is the Fermi wavevector and x is the distance from the
surface. As one may expect, for a not-so-thin metallic film, its density
oscillation should be a simple addition of two sets of the Friedel
oscillations in Eq. (1) that originate from the two surfaces. We find an
analytical formula for the density oscillations in a finite metallic film.
This analytical formula has two important features: (1) it cannot be
regarded as a simple addition of two sets of Friedel oscillations
in Eq. (1); (2) it shows that the quantum size effect on density
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oscillation is surprisingly more evident in the middle of the film. This
analytical result is confirmed by our numerical computation with
jellium model.

This strong finite size effect in the middle of the film can be
attributed to the discretization of energy bands induced by the
confinement of two surfaces. In obtaining Eq. (1), one needs to replace
a summation over discretized wavevector k with an integration [10].
However, in the middle of the film, one always has x~L/2 (L is the
thickness of the film) and consequently x6k ~m (6k~2m/L) no matter
how thick the film is. This finite x5k prevents replacing the summation
with integration.

It should be noted here that such quantum size effect should
universally exist in all the electron-mediated interactions that are
driven by the Friedel oscillations[11-19]. Therefore, our results will
have wide applications in nano-materials. As an example, we have
investigated the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction
inside films, which is regarded as one of the fundamental interactions
in magnetic multilayer system [15-17]. We find that quantum finite
size effect cannot be ignored when the distance between two
magnetic moments is bigger than 0.2L(L is the total film thickness).

2. Quantum size effect in Friedel oscillations

Consider a free-standing metallic film of thickness L (Fig. 1). For
simplicity, we ignore the ionic lattice and the Coulomb interactions
and treat the film as a collection of free electrons confined between
two potential barriers at the surfaces. In this case, the wave functions
for electrons can be written as

Wik, = U, (0) expli(kyy + kez)], @)

n
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Fig. 1. A metallic film of thickness L.

where k;, is the wave vector along the x direction and it is discretized
due to the confinement by the two surfaces. The corresponding
energy up to a trivial constant is

E(knky k) = 5 (€ + 12 + ). 3)

When the two surfaces are regarded as two impenetrable walls,

\/%sin(nnx/L)[ZO,Zl]. This implies that in the

region far away from the film surfaces we should have

we have 5 (x) =

Uy, (x) = \/% sin [k,x—y(ky)] (4)
with
kn:%[, L=1L+ 26 5)

The parameter 6(<<L) is to be determined, y(k,) is an additional
phase shift in the wave function when considering the factor that
electrons can penetrate into the vacuum. Generally, the amplitude is a
function of wave vector k,, and should be expressed as \/2/ (L + I,),
where [,~0(1) is a function of k, In Appendix A, we find that
replacing /2 /L with \/2/ (L + I,) just adds O(1/L®) terms in the
electron density, so we can ignore it.

As a result, the electron density in the region far away from the
film surface has the following form:

1

n(x) = Hé] (kf—kﬁ)sinz [k x—y(k, )], (6)

where N is the total number of occupied subbands. The Fermi wave
vector k¢ can be expressed as

m
ke = Z(N+B),B€(0,1)~ (7)
Note that the system has a symmetry that
2 2
Y, (%) = P, (L—=X), (8)

this symmetry leads to

nmlL w T
Y(k,) = 5L 3™ = —kn8—§m27 9

where both m; and m, are integers. It is reasonable to assume that the
phase shift y is a continuous function of k and y(0) = 0. This means
that we have m; =0 and y(k) = — ké. Regarding 6 as a constant, with
the phase rule [22]

2 ke _ _T[
EL’ ky(dk = — 7. (10)

we have 6 = (3/8)(2m1/3)?r,. This recovers the results by Schulte [23]
and Stratton [24]. Generally, 6 is not a constant and in this paper we
treat it as a function of n/N (Eq. (A.1) in Appendix A). With the above
results, we can now sum out the electron density in Eq. (6) and arrive
at (see Appendix A for derivation details)

_ 3(1=B)n (x)cos2((k;—Bk;, )x—(]
nx) = no{l + (2kex?

+ 3/3/)’)2(X)C052[(](f + (1—[%)](1 )x_—yf] }
(2kp9? :

(11)

where 1(x) = (%) / sin (?) and ky =m/L.

At the limit x/L — 0, we can replace sin nx/L with nx/L, and obtain

3¢ cos2(kex—yr)

n(x) = n, {1 + 2k

}(% =1), (12)

which recovers the Friedel oscillations of electron density in a
half infinite metal [10]. This is no surprise: in a half infinite
metal, we have L — o so that the limit x/L— 0 is always satisfied. In
contrast, for a film of finite thickness, we always have x/L~1/2
near the middle of the film. In other words, we cannot reach the limit
x/L— 0 in the central region of the film no matter how thick the film is.
Note that the use of § in Eq. (12) is for the convenience of future
discussion.

The analytical formula in Eq. (11) is the central result of this
work. A careful examination of the equation offers an insight
into the physics behind the analytical form. We first notice that
there are two wave vectors in Eq. (11), one is 2(ks— Bk;) and the other
is 2[ks+ (1 —B)k4]. The difference between them is k; =m/L, which is
small for a thick film (L>>1). However, when x is comparable to L such
as in the central region of the film, the phase shift caused by the
difference k; is not small at all. Therefore, we have to retain k;. In
contrast, when x/L is small, we can ignore k;. Since we have n(x) ~1 at
the same time, Eq. (11) is reduced to the well-known result in
Eq. (12).

The above analysis also indicates that the electron density in
Eq. (11) is the result of the surface confinement because the difference
ky is caused by the discretization of electron energy bands. At
places where x is small compared to the film thickness L, the system
does not feel much of the discretization and one can replace
the summation in Eq. (6) with integration and obtain Eq. (12).
However, when x is comparable to L, the discretization is always
felt by the system and one can not replace the summation with
integration.

We have shown and explained that the electron density in the
central region of the film is different from a well-known result.
However, one may still wonder whether the electron density in a film
can be regarded as a simple superposition of two sets of Friedel
oscillations for a half-infinite metal. In other words, the question is
whether n(x) in Eq. (11) is approximately equal to

3 cos 2(kex—yy)
(2kex)?

N {] N 3cos2[kf<L—x>—va}. 13)

[2ke(L—X))?

To answer this question, we focus on a small interval near the
middle of the film. In such an interval, the electron density should take
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the form of Acos(kex + ©). Straightforward computation shows the
amplitude A obtained from Eq. (11) is

_ 3"0772(X<x) 1\2cin2 2
A= e V@B—1)2sin%, + cost,, (14)

where x,, is the central point of the interval and ¢, = %x(,. The
amplitude from Eq. (13) is

A = (2kx \/gz

where €(Xo) = [Xo/(L —X«)]> The deviation of the ratio between the
two amplitudes from one is

) + 26 (xy)cos(2Bm) + 1, (15)

_ A 23—-1) Zsin qba + cos % _
AR ) = 7 =1 =17 \/gz ) + 2§(x)cos(2Bm) + 1
(16)

This deviation measures the difference between the true electron
density in Eq. (11) and the density resulted from the simple
superposition as given in Eq. (13). Since 3 is a function of the film
thickness L, AA is also a function of x, and L.

We have plotted AA of four situations that x, =0, L/10, 2L/5, L/2 in
Fig. 2. It is evident from the figure that AA is zero at only a couple of
isolated values of . The figure also shows that AA>0 when 3<f3, or
B>1— 0 and AA<0 when Bo<<1 — 3p. Our numerical results show
that the variation of 3y is very small (from 0.18 for x,/L— 0 to 0.13 for
Xo/L=1/2). This means that we can regard AA not changing its sign
for all x,. Since B is a function of the film thickness L, the results shown
in Fig. 2 conclude that the electron density in a metallic film cannot be
regarded as the simple superposition of two sets of Friedel oscillations
in half infinite metal. As indicated in the figure, the Friedel oscillations
are enhanced up to about 23%.

We now calculate the electron density using the density functional
theory (DFT) for a comparison with the analytic form in Eq. (11). To
overcome the instability caused by the long range of the Coulomb
interaction between electrons, we apply the method used by Monnier
and Perdew [25], which was originally proposed in Ref. [26].

Our numerical results for Pb film (L = 60d,, 3= 0.17) are plotted in
Fig. 3 and are compared to our analytical result Eq. (11). It is clear that
the two curves match each other quite well when x is larger than 10d,.
This implies that our analytical results are even valid when the
Coulomb interaction and correlation effects are taken into account.
Note that the parameter (3 can be obtained from our numerical results.

It should be emphasized here that it is reasonable that our
analytical result Eq. (11) with free electron model agrees well with

T T xa:()' T
0.2_‘: - - -Xa=L/10 "
\ .- Xa=2L/5 ra

:
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Fig. 2. The deviation AA as a function of 3 for different values of x, =0, L/10, 2L/5, L/2.
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Fig. 3. Numerical results of the ratio n/n, for Pb film of thickness L = 60d, in comparison
with the analytical results.

the numerical results, where the influence of the interaction between
electrons is taken into account. This was addressed in Ref. [10]. In a
half infinite metal, free electron model gives a density expressed by
Eq. (12) with §=1 (sine-wave form of wave function is used in
calculating Eq. (12)). When the influence of interactions is considered,
one can substitute the sine-wave form of wave into the self-consistent
Kohn-Sham equation, and get the wave function that have taken into
account the influence of the Coulomb interactions, exchange and
correlation effects. It was found that the parameter § increases from
1.004 at rs=2 to 1.07 at r;==6 [10]. This implies that free electron
model is sufficient in calculating Friedel oscillations.

Although we need L>1 in our derivation, we find that a
significant portion of the film around the middle of the film can be
well described by Eq. (11) even when the film is quite thin. For
example, as shown in Fig. 4, the numerical results for Pb (L=11d,,
B3=10.74) can be fitted very well with our theoretical expression. Note
that one may find Eq. (11) does not have space inversion symmetry
for a small L because we have omitted some high order terms in the
cosine functions, in fact we should use Eq. (A.7) for the symmetry
requirement when the film is not very thick.

Note that our analytical result is effective in most of the region
inside the film except the areas near the two surfaces when the film
thickness is large enough. So, it is a supplementary result to the work
of Takahashi and Onzawa [27], in which, the electron density near the

1.014 T T T T T
numerical results
1.0081 —Eq.(1D ;
Eq. (13)
- 1.0024 L
=
=
0.996+ L
0.990+ L
0.984 - L

xd,)

Fig. 4. Numerical results of the ratio n/ng for Pb film of thickness L = 11d, in comparison
with the analytical results.
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metal surface obtained from a “shifted” step potential was shown to
agree well with the jellium calculations.

3. Quantum size effect in RKKY interaction

We find that such effect also exists in RKKY interactions inside
films. An analytical formula, different from the traditional one, is
obtained for the indirect exchange coupling between two localized
magnetic moments in a finite film. In this paper, we focus on the
quantum size effect in RKKY interaction and ignore the topological
property of Fermi surface [17]. According to the works of Ruderman,
Kittel [28], Kasuya [29], and Yosida [30], the RKKY interaction
between two localized magnetic moments can be expressed as [31]

Hriey = In  InT (IR, =Ry ), (17)
and
4Pm*kf [cos2kR  sin 2k:R
R|) = — . 18
JURD = Gnpm2 | 2kR? ~ (2keR) (18)

Where I, are the localized moments, J is the exchange coupling
constant, Er is the Fermi energy, and k¢ is the Fermi wave vector.

In the case of film, for simplicity, we impose the periodic boundary
condition and compute 7f(R) + J° (R—LX) (the superscript f denotes
film) by changing the integration of g, in Eq. (13) of Ref. [32] to
summation

%12
J'R) + T (R-LX) = —m—jhz If qz cos q'RF(q)Aq,dq,dg,, (19)

(2m)®

where F(q) is (Eq. (15) in Ref. [32])

q + zkf
¢ Jim L5576 (20)

F( ) kf"’ q(lf

To further simplify the matter, we assume that the two magnetic
impurities have the same y, z coordinates. In this case, we can use
polar coordinates with R parallel to the x axis (perpendicular to the
film surfaces). After integration over ¢, Eq. (19) becomes

4h2 J‘

J'R) +J'(L—R 97 Z cos(qR cos 0) sin 0A0dq

) (21)
o m] —1.— igR— llq)R
= R d
G nR)| e F(q)qdq.
where
L)2m m
Ig) = g— | 2| =T, (22)
R
ZT[
NR) = Lo, (23)
sinzn

the square bracket denotes round-down to the closest integer. Finally,

we obtain
. T Bf(R)cos(ZkfR + of (R))
J (R) +J (L R) - (Zﬂ)3h2 (2](fR)3 (24)
c'(R)sin (ZkfR + (1>§(R))
- (2kR)* ’

where
B'(R) = n(R)3\/4/32(B—1)2sin4nTR + cos? ”LR, (25)
2
c'(R) = n(R)“{ [1—2 </32 + )smz@ + B sm“TL—R
wmR (. 28 ,mR\*Y (26)
22l _ b 2T
—0—[5 sin I <1 3 sin L) } ,
_ ka_ ka
p=t [ﬁ} 27)
and
28 1—Bsin2@ tan™%
f L L  2BmR
@} (R) = arctan R - (+m, 28
1—2B%sin? —
L
2
ﬁsmziR 1—2£ nan
¢ L 3 L _ 2pmR
@, (R) = arctan i TR nR I (+m).
2 4 2 IR
1— 2([3 )sm I + B T
29

In ®{(R), +m means that we need to add m when cos?(l—

23%sin? ™®)<0; similarly for ®£(R) +m means that we need to add
when 1—2<[52 + 1>szﬂTR + [5 sm“T[LR<O

Now we can consider the mﬂuence of such effect in RKKY
interaction by comparing J'(R) + J'(L—R) with J(R) + J(L—R).
From Eq. (18), we can find that the expression of J(R) + J(L—R)
is similar to Eq. (24), we just need to change A'(R), B'(R), ®(R), and
®Y(R) to A(R), B(R), ®1(R), and ®,(R), where

= \JE5(R) + 263 (R)cos 2pm + 1, (30)
= /€8 (R)—26*(R)cos 21 + 1, (31)
_ &3(R)sin 2pm
dy(R) = arctanm( + 1), (32)
4 .
®,(R) = arctan—>-RSIN2BT_ o (33)

1—&*(R)cos 2p3n

§R) = [or. (34)

It is clear that when R/L — 0, we have Bf(R) — B(R), ®§(R) — &1 (R),
and Cf(R) — C(R), P5(R) — d,(R), so we do not need to consider such
effect. But when R is comparable to L, the situation is very different. To
illustrate, we plot Bf(R)/B(R) in Fig. 5. From this figure, we find that
when R<0.2L, the difference between B(R) and B(R) is very small and
we can ignore it, but when R>0.2L, the difference becomes very big
and cannot be ignored.

4. Conclusion

In summary, we get a general form of electron density inside
metallic films. When x/L is very small, this form is reduced to the form
for a half-infinite film. In contrast, when x is comparable to L, this
general form becomes significantly different from the one for half
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Fig. 5. B/B as a function of R/L for different values of 3=0(1), 0.2(0.8), 0.3(0.7), 0.5.

infinite model. We are able to quantify this difference and find it
oscillating with film thickness with a period of A¢/2. This difference
can be regarded as the result of interaction between two sets of
Friedel oscillations originated from the two sides of the film. For
Pb (111) films, the oscillations of interaction can be very robust
because of the special value of dy: Ar. We find similar QSE in RKKY
interactions inside films: when R is perpendicular to film surfaces, the
RKKY interaction between two localized magnetic moments in a film
should satisfy Eq. (24), and such effect cannot be ignored when
R>0.2L.
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Appendix A

When x ~L, with expansions

1 1 26,
L+25, L 12 (A1)
0 Mo (2.2
6y = 60 + 5 +(N)6 + o (A2)
we find that

LN T AN
n(x)—mngl (kf—k,,) = ony(x

L
(A3)
where
T N
ony(x) = —ingl [(N +B) }cosZ(nG + ¢p)
on,(x) = i—fnil [ (N + [5)2—5 n ]cosZ(nG + ¢y,)
on(x) = —i—" é] 6NN + B)” =63’ |cos2(nd + &), Ad)

(8,6 2(x +6)
bn = L+ 25, {1_ L+ 260 }
rr(x + 8<°>)
= L+ 250

The summations in the above can be worked out explicitly. First of
all, we have

f6.¢) = Z cos(2i6 + 2¢;)

i=1

0
sin2 <N0 + 5+ ¢N>
= 1 1cot()sm 2¢; + - 2 (A3)
2 2 2sin0
_(n—dn)sin2(NO + dy) o(1>
2sin®0 12

where f(6, ¢;) means f(6, ¢1, bo,..., ¢n). Inserting Eq. (A.1) in
the expression of ¢y and ¢y_1, we can find that ¢, ~0(1/L?), and
&N —¢dn—1~0(1/L). Other summations can be expressed in terms of
f(6, ¢;) and they are

N ok . (—1)k 9%
igl i““cos(2i6 + 2¢;) = LT f6,4,),

K (A.6)
N k1 . B (_l)k aZkf 3
i§1 I cos(2i0 + 2) = g mmt rwoanf(e i 1),

where k is a positive integer. With these relations, we can compute
o6nq(x), 6ny(x), and on3(x) and arrive at

cos 2[(kg—PBk; )x—yy]

nx) =n. + no{i(] B)T)’ *)

(2K

3 (A7)
(.[23;] () )COSZ[(kf + (1=B)ky)x—vYy + 1]}7
where
X
_ L S
) sm?k] =17 28y o

Note that for the computation leading to the above express we
have ignored all terms of the order O(1/L?>*%). Because of this, some
complicated computations need not be taken. For example, since we
can prove

Z i"cos(2i0 + 2¢;) ~O(L"),

i=1

(A9)

we can ignore 6n3(x), which is of the order O(1/L3).
The constant term n. in n(x) can be determined by the
electroneutrality in the middle of the film, which requires v(x) —v

(L/2)~0(1/L) (v(x) is the electric potential). At x=2L/3, we have
2L L L , 1

v<?> _V<§) = 18 ) + 411_[ _[ —n.]dx ch~O<E>.

(A.10)
Because
2 X , 1

J} J‘L [n(x")—n.]dx dx~O<L—2>, (A11)

3 2

we find

1
n.—ng~0 i) (A12)

So, replacing n. with ny and omitting some high order terms we
can get the electron density expressed in Eq. (11).
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To consider the influence of the approximate amplitudes of wave
functions, we just need to expand 1/(L+I,) with 1/L —1,/L*>+...and
express I, (similarly to 6,) as

= (04 T (B

N (A13)

With these expansions, we find that replacing L with L+, in the
amplitude of wave function just adds O(1/L®) terms in the final
expression of electron density.
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