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We review the properties of Majorana fermions in particle physics and point out that Majorana modes

in solid state systems are significantly different.

The key reason is the concept of anti-particle in

solid state systems is different from its counterpart in particle physics. We define Majorana modes
as the eigenstates of Majorana operators and find that they can exist both at edges and in the bulk.
According to our definition, only one single Majorana mode can exist in a system no matter at edges or
in the bulk. Kitaev’s spinless p-wave superconductor is used to illustrate our results and the dynamical

behavior of the Majorana modes.
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1 Introduction

As an elementary particle, Majorana fermion is a fermion
whose anti-particle is itself. Mathematically, it is the
result of quantizing a real Dirac field. This is similar
to the case where quantizing the real electromagnetic
field leads to photon whose anti-particle is itself. So far,
there is no direct observation of Majorana fermion as
an elementary particle [1]. In recent years, there have
been intensive efforts to explore the possible existence
of Majorana fermion-like state as edge modes in con-
densed matter systems [2-17]. Observation of the Majo-
rana zero modes has been reported in many experiments
[18-23].

In this work we review the basic features of Majorana
fermion as an elementary particle. We point out that due
to the lack of the existence of real antiparticle, the Majo-
rana fermions in condensed matter systems are different
from Majorana fermions in high energy physics although
they do share some common features. In this perspec-
tive, to avoid confusion, it is better to call Majorana
fermion-like states found in condensed matter systems
Majorana modes.

*arXiv: 1609.06407.

We define a Majorana mode as an eigenstate of Majo-
rana operator v' = ¢ 4 ¢, where ¢! and ¢ are creation
and annihilation operators of electrons, respectively. Our
definition of Majorana mode is illustrated with Kitaev’s
model of one dimensional spinless p-wave superconduc-
tor [2]. Usually researchers mainly focus on the Majorana
edge modes as topologically protected states and whether
robust against modulation or disorders [11, 12, 15, 16]. It
is clear from our definition that the Majorana modes
can exist both at the edges and in the bulk. At the
edge, our Majorana mode is an energy eigenstate. In
the bulk, our Majorana mode is not an energy eigenstate
thus can evolve dynamically. The dynamics of our Majo-
rana mode in the bulk is characterized by hopping back
and forth along the chain accompanied by the Majorana
mode switching its type cyclically.

Because an electron can be mathematically written as
a pair of Majorana operators, it is a common belief that
Majorana fermions only occur in pairs. For instance, in
the Kitaev chain system, it is generally believed that
there is a pair of Majorana fermions (or modes) of differ-
ent types at both edges of the chain. However, according
to our definition, we can show that only one single Majo-
rana mode can exist along the whole chain. A Majorana
mode in the bulk excludes the existence of that on the
edge and vice versa.

© Higher Education Press and Springer-Verlag GmbH Germany 2018
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2 Majorana fermion in particle physics

We start by reviewing the basic concepts of particle and
anti-particle in particle physics, which can be found in
any standard book on quantum field theory [24]. Particle
and anti-particle arise naturally when we quantize a free
Dirac field ¢ (). For clarity, we consider only the one di-
mensional case and omit time variable. The quantization
starts with a Fourier expansion (A =c¢=1)

o (6 )™ (K)o (1),
k. r§:1 ) \/ZVE

(1)

where V is the volume, Fj is the energy, and k is the mo-
mentum. u,(k) (v.(k)) is the four-component spinor of
the positive (negative) energy branch, and b, (k) (d,(k))
is the field operator at a given momentum. Imposing the
anti-commutation relation for fermions {b,(k), b:[/ (K"} =

{d,(k),d",(k')} = 86, we find that the energy and

y !

charge operator can be written as (neglecting an overall
constant),

E= Y Eupbl(k)b.(k)+d(k)d,(F)], (2)
k,r=1,2

Q=e > [bi(k)b (k) — di(k)d,(k)], (3)
k,r=1,2

with e being the elementary charge that cannot be fixed
by Dirac equation. It is apparent that, according to
Egs. (2) and (3), b,(k) and d..(k) are the operators for the
Dirac fermion and its anti-fermion, respectively, which
possess the same positive energy but the opposite charge.

For the purpose of comparison with the condensed
matter system, it is important to note two points: (i)
particle and its anti-particle are physically two different
entities, which have opposite charges. (ii) Mathemati-
cally, the creation operator for particle bl (k) is not the
annihilation operator of the anti-particle d,. (k).

Majorana fermion arises when the Dirac field is real,
¥(x) = ¥*(x). In this case we have to write

) )
9= L g [ e
+Tur(k)ek :| (4)
We let
mi(k) = [bl(k) +di (k)] /V2. (5)

This is the Majorana creation operator in particle
physics. This shows that a Majorana fermion is effec-
tively a superposition of a fermion and its anti-particle.
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That the Majorana fermion is its own anti-particle is
manifested in that m! does not change when b and df
exchange their role under charge conjugate operation. In
other words, the Majorana fermion as an elementary par-
ticle is not manifested mathematically with m = m. In
particle physics, we always have m' # m. It is very im-
portant to bear this in mind when we discuss Majorana
fermion in solid state physics.

3 Majorana fermions in solid state systems

It is clear from the above brief review that the exis-
tence of anti-particle is essential to the concept of Majo-
rana fermion. However, in solid state systems, the real
anti-particle of the electron, the positron, does not ex-
ist, and the positively charged real particles are ions,
which have different masses. The closest thing to the
anti-particle of electron is hole, which emerges when an
electron is annihilated from the Fermi sea, ¢, |[Fermi sea)
(or ¢;|Fermi sea)). Physically, this hole is positively
charged due to the existence of positive ion background
and has effectively the mass of an electron. This is sim-
ilar to the anti-particle in particle physics, which has
opposite charge of the particle while sharing the same
mass. As indicated in Eq. (5), Majorana fermion in par-
ticle physics is a superposition of a fermion and its anti-
particle. If we follow this rule, a Majorana operator in
solid state systems has to be defined as [2]

Fr=c +e (6)

However, physically and mathematically the Majo-
rana fermion defined above is different from Majorana
fermion as an elementary particle. Mathematically, we
have 77 = ~ while m' # m. Physically, the hole does
not have its own identity: while we can create an elec-
tron with cf [vaccum), we get nothing with ¢ |vaccum).
In contrast, in particle physics, we can create simulta-
neously a particle and its anti-particle with b' [vaccum)
and d' [vaccum). In particle physics, an anti-particle is a
real particle existing on top of a vacuum with a given mo-
mentum or at a given position. In solid state systems,
the hole state ¢y, |Fermi sea) (or c¢; |[Fermi sea)) repre-
sents physically an empty (vacuum) state at a given mo-
mentum k (or a given physical site 7).

There is another possibility of having Majorana
fermions in solid state systems. In superconductors, an
electron can be screened by superconducting Cooper
pairs to be charge neutral [1]. In this case, the electron is
effectively its own anti-particle and becomes a Majorana
fermion. However, so far there is no quantitative calcu-
lation to show such an efficient screening and no experi-
ment demonstrates that the electron in a superconductor
behaves like a neutral particle. Still there is difference. In
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particle physics, m' [any state) and m |any state) are two
different states. In a superconductor where the charge
screening is very effective, ¢ [SC) and ¢ |SC) are the same
state as the superconducting state |[SC) is the same with
one more or less Cooper pair [1].

There have been many studies [3-17], which show that
the Majorana operator ¥ is related to many interesting
physics in solid state systems. Therefore, it is meaningful
to study Majorana fermion-related physics in solid state
systems as long as we bear in mind all the differences
discussed above.

We focus on lattice models with C},Cj denoting cre-
ation and annihilation operators at site j, respectively.
Following Kitaev [2], we introduce the Majorana opera-
tor

V.0 = CTGQIQ —+ Cjeima, (7)
which is more general than the one in Eq. (6). One can
easily check that v; 9 = 'y} o and 7]279 = 1. As aresult, the
Majorana operator v; ¢ can have only two eigenvalues £1
and the corresponding eigenstates are

14,0, %) = [0) ;67 £ |1) €, (8)

where |0); denotes the vacuum at site j and |1); denotes
an electron at j. We immediately notice that |j,6,—)
is also the eigenstate of 7; g, /2 With eigenvalue 1, i.e.,
|7,0,—) = 14,0 + 7/2,+). This means that we can focus
only on eigenstates |j,0,+). For simplicity, we will al-
ways use |7,0) = |j,6,4) from now on. If we introduce
the following “charge conjugate” operator

Cl1)je = [0);e7%,  Cl0)je™ = [1)je 9)

we apparently have |j,0) = C|j,8). This is the Majorana
mode which is the same as its anti-mode.

The Majorana-related physics in solid state systems
is about the properties of these eigenstates and how to
create and manipulate them [3-17]. In the next sec-
tion, we shall use Kitaev’s model [2] to illustrate some
of its properties. And we call these eigenstates Majo-
rana modes to avoid confusion with Majorana fermion in
particle physics.

4 Kitave’s superconducting chain

In this section, we consider the one dimensional Kitaev
model, which describes a spinless p-wave superconductor.
Its Hamiltonian is given by [2, 25]

L—-1

f—MZc cj— Z chcJH—i—Ac c]_H—i—hc) (10)
j=1

where h.c. is for hermitian conjugate, p is the chemical
potential, ¢; is the electron annihilation operator for site
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j, and L is the length of the chain. The tunneling ¢, and
superconducting gap A = |Alel® are the same for all the
sites. For simplicity and without loss of generality, we
assume A = |A|. The Kitaev system can be realized
experimentally by contacting a nanowire that has strong
spin-orbit coupling (e.g., InSb and InAs nanowire) with a
s-wave superconductor and in a Zeeman field [18, 19, 26].
For clarity, in this work we focus on the condition g = 0,
t, = A [2, 25].

Mathematically, an electron can be written as a super-
position of a pair of Majorana operators,

1 .
S(o+ il 5). (11)

™ —
0 _Z'Yj,g)a G = 9

where ;0 = *yJT,O and v = = ’y}% are defined in Eq. (7).
Majorana operators at neighboring sites can be combined
to form two new operators,

4+ 1 . 1 .
;{ = 5(')’;[& - Z’)’;‘L+17o)a Cj = 5(7;& + Z’Y;_H,o);

1 . - 1 .
L= 5(72% - WI,O), L = 5(72& + WI,O)- (12)
where j = 1,2,---,L — 1. One can verify that &l and

J
¢; are ordinary fermionic creation and annihilation op-

erators, i.e., [éj,éz]+ = §;,. With these newly defined
operators, the Kitaev Hamiltonian in Eq. (10) becomes

—ZAZ%UJHO_MZ <c cj—). (13)

This shows that the energy eigenstates of this supercon-
ductor are composed of integer number of quasi-particles
denoted by E}, ¢; instead of real electrons. The ground
state |g) of this system satisfies

¢jlg) =0, forj=1,2,... L. (14)

With Eq. (12), we find that the ground state has the
following exact form

L

1
l9) = = 110+

j=1

L
H (1—ch (15)

which is an equal-weight superposition of all Fock states
with odd fermion numbers.

Note that the Majorana operator v ¢ at the left end
and the Majorana operator vz = at the right end are
missing in the diagonalized Hamiltonian (13). As a re-
sult, the operators ¢; and 62 are also missing. This
means that the Kitaev chain has two degenerate ground
states, |g) and ETL |g). With Eq. (15), we obtain 6TL |9)
as

&t lg) =

L L
[Ta+ch+TJa-ch|10), (16)
j=1 j=1
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which is an equal-weight superposition of all Fock states
with even fermion numbers.

4.1 Majorana edge modes

We now examine the properties of the Majorana modes
in the Kitaev chain. Using the two degenerate ground
states, we define two states

I1,0) = |g) + i€} |g), (17)
[1.5) = lg) — e} lg)- (18)

These two states are orthonormal to each other. Fur-
thermore, they are Majorana modes as we have

71,0|170> = |170>7 (19)
1g> - 1g> (20)

Interestingly, the two states |1,0) and |1, 5) do not con-
tain any Majorana mode on site L, the right end of the
chain, since

’YL,9|170> 76 |170>a
™ s

1, 7> 1, 7> 21
5) 7 |15 (21)
for any 6, 6’. This is contrary to the general belief that
there is a pair of Majorana modes at both ends [2, 25].

Alternatively, we can define another pair of orthonor-
mal states

7,z

YL,6’

2.5) = 19) + L), (22)
25—l - o) (23

Similarly, we have
i ™
L,—>: ’L,7>, 24

3T 3
L, —)Y=|L — ). 2
-3 (25)

Now we have a Majorana mode of either vz, z or vy sx
at site L, the right end of the chain. In the same way we
find that

T T
nolL ) #[1.5).
3 37

for any 6, 6'.

As shown by Egs. (21) and (26), it can be checked
that no combination of |g) and &TL| g) can give us a pair
of Majorana modes, one at the left end and the other at
the right end.

In literature, there is no precise mathematical defi-
nition for Majorana mode. It is usually believed that

YL, %

)

3
T3z

1,6/
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a Majorana mode occurs on a site when an unpaired
Majorana operator is missing in the Hamiltonian (does
not participate in any dynamics) [2, 25]. This vaguely-
defined concept then leads to the following results: (i)
there is a pair of Majorana modes at both ends and (ii)
the Majorana mode must come in pair since an electron
operator, as shown in Eq. (11), can be written as a sum
of two Majorana operators. In addition, because a Ma-
jorana operator can also be written as the combination
of two electron operators (annihilation and creation), a
Majorana mode defined in coordinate space is believed to
assume a local wavepacket (superposition of particle and
hole). However, as shown in Egs. (15) and (16), there is
no local mode but only collective one in either of the two
ground states.

Here in Section 3, enlightened by the definition of Ma-
jorana fermions in particle physics, we define the Majo-
rana modes more precisely as the eigenstate of Majorana
operators, where a Majorana mode can be found directly.
According to our definition, (i) the Majorana mode may
not come in pair and in Kitaev chain system, it is shown
that only one single Majorana mode may arise, either at
the left end or at the right end; (ii) since the local Majo-
rana mode is defined as the eigenstate of the local Ma-
jorana operator, there is no need for the local Majorana
mode to present itself as a local wavepacket. Mathemat-
ically, our definition is self-contained and rational.

4.2  Majorana modes in the bulk

In the bulk we can have a similar superposition state,

. T ~ .
J» Z> = lg) +¢cllg), forj # L. (27)
As one can readily check that v; =|j,F) = |4, 7), this
is a Majorana mode on bulk site j of type 7. However,
|7, %) is a superposition of two different eigenstates of the
Hamiltonian (13) with the eigen-energy difference being
2A. This means that this Majorana mode will evolve
dynamically.

Specifically, with the initial state [1/(0)) = |j, Z), the
system evolves with time as (neglecting an overall phase),

[$() = lg) + &flge AN, (28)

The dynamics is cyclic with a period of T' = “Kh. After a

quarter of the period, t = % = g, the state evolves to
. T .
[(rh/AA) = |j+1,5) = lg) — icllg). (29)

This is a Majorana mode of type 5 on site j + 1. After
the second quarter period, the state becomes

3T

o(rn/2)) = |3, 2 ) = 19) - o (30)

Qi Zhang and Biao Wu, Front. Phys. 13(2), 137101 (2018)
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This is a Majorana mode of type %’T on site j. After the
third quarter period, the state becomes

[4(37h/4A)) = |j +1,0) = |g) +ié}|g). (31)

This is a Majorana fermion of type 0 on site j+ 1. After
a whole period of the evolution, the state returns to the
initial state |¢(7h/A)) = |7, 7). This dynamical cycle
can be summarized as

.

s Z> .

(32)

3
j,4”>ﬁ|j+1,0>%

'W>—>"+1 7T>—>
],4 J 9

The results can be naturally generalized to the case of
complex superconducting gap A = |Ale’s, where the dy-
namics is identical except that there is a phase shift £/4
for all corresponding Majorana modes.

In this sense, we can have Majorana modes in the bulk.
The crucial difference from the Majorana edge modes is
that these bulk Majorana modes are not energy eigen-
states and oscillate dynamically.

Is it possible to have two Majorana modes simultane-
ously along the Kitaev’s chain? The answer is no. As a
simple example, we consider the following state,

(O = |1 Jidan 7 ) = (L+E)A+E)lg),  (33)

where j1, j2 # L. We have at site j;

/le’% J171;¢727 Z> = ‘jh Za]271> . (34)
However, at site js, we have
- B B
iz § |J1 3 2 Z> =(1-é)a+é)lg)

. T . T
7é ’.71717]2a1>~ (35)

This means that this state is a Majorana mode at site
71 but not a Majorana mode at site js. It appears that
the existence of Majorana mode at site j; excludes the
emergence of Majorana fermion on site js. According to
the Hamiltonian (13), this state evolves with time as

(1)) = (L+ &, e AN (14 & e 22M)g). (36)

It can be shown easily that, at site j;, the sequence in
Eq. (32) holds while the dynamics at site jo does not
involve any Majorana mode.
In general we may construct the following state
.oT T 7r>
J1, 47j27 4a"'7.7n7 4
=@+ )a+e) . a+el g, (37)

where j1 # jo # ... # jn. One can easily check that the
Majorana sequence in Eq. (32) occurs only at site j; and
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no Majorana modes at any other sites. It is interesting
to consider a special example that is given by

[(0)) = L,Z;jhz;m;jmﬁ
=@+é)a+e)...a+ég. (38)

It is clear that this state has a Majorana mode at site L.
Its dynamical evolution is

[0(1)) = (L+E) (L4 e P80 (14 e 280/M)|g).
(39)

It can be checked easily that, at any time, the following
relation holds

T3 [9() = |9(1)). (40)

s

This shows explicitly that a Majorana mode of type 7§
is not affected by the bustling dynamics at other sites, a
feature that has inspired the current research on Majo-
rana physics in condensed matter systems.

One may have noticed an interesting feature in the
above oscillating dynamics: the dynamics is localized
and the wave function of a Majorana fermion can never
spread to infinity. It is quite peculiar as we know that
the wave function of an electron in a real vacuum always
diffuses and can spread to infinity. Localization in wave
dynamics happens in rare occasions, such as Anderson
localization in random potentials and solitons in nonlin-
ear media.

Our discussion so far is done with the condition g = 0,
t, = d. When this condition is slightly altered, the es-
sential physics does not change. The cyclic hopping can
still occur. The only difference is that the wave function
of the Majorana mode spreads over several lattice sites,
instead of the ideal localization that we have with u = 0,
t, =d.

The oscillatory process is essentially a type of Zit-
terbewegung oscillation. To see this, we carry out a
Fourier transformation to the momentum space, i.e.,
CL = \/iﬁ > c;r- exp (ijka). Without loss of generality, we
assume a = 1. The Kitaev Hamiltonian in Eq. (10) then
becomes

H= zk:(c; c_i)Hy ( o ) , (41)

C_k

where

(€ k)
Hk‘(n<k>* wc))' (42)

with &(k) = —p — 2t, cos(k) and n(k) = i2Asin(k). In
the momentum space the Kitaev model is seen to as-
sume a form identical to the BCS Hamiltonian. If we
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regard particle and hole as two components of a pseudo-
spin, then the rotation of this pseudo-spin is governed
by the Hamiltonian Hj. Due to the dependence of Hy
on k, the pseudo-spin is coupled to momentum k. We
have an effective spin—orbit coupling; the cyclic dynam-
ics in Eq. (32) is essentially a type of Zitterbewegung
oscillation.

In summary, we have reviewed the concept of Majo-
rana fermion as an elementary particle. We pointed out
that such a Majorana fermion does not exist in solid state
systems due to the lack of real anti-particle. However,
despite this crucial difference, one can regard hole as the
anti-particle of electron in solid state physics and define
a Majorana operator. The physics related to this Ma-
jorana operator can be very interesting and useful. We
have illustrated it with Kitaev’s superconducting chain
model.
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