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De�nition of BK

The BK parameteris de�ned in QCD with dynamicalu; d;s quarks:

h�K 0jO� S=2
(V � A)(V � A) jK 0i = 8

3F 2
K m2

K BK

The local operator
O� S=2

(V � A)(V � A) =
X

�

[�s
 � (1 � 
 5)d]2

is the e�ective local interaction inducedby integratingout the massivegaugebosons
and t; b;c quarks in the Standard Model.

� The approximation of K 0 � �K 0 mixing by a matrix elementof a local operator is
estimatedto be good to about 5 percent.

) de�nes the precisionto be reachedin lattice simulations

� only the parity-evenpart contributesto BK

O(V � A)(V � A) = OVV +AA| {z }
parit y � even

� OVA+A V| {z }
parit y � odd
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BK & Wilson type quarks

Lattice QCD with Wilson quarks:

+ computationallycheap

+ no mixing of 
avour and spindegreesof freedom(as opposedto staggeredquarks)

� but axial symmetriesare explicitly broken:

� mixing of operators with opposite chirality
� leadingcuto� e�ects of O(a)
� quenched approximation: zero modes at �nite quark masses(exceptional

con�gurations) ) mP S > mK in practice

N.B. mixing problemmost relevantfor BK :

[OVV +AA ]R = ZVV +AA

n
OVV +AA +

4X

i =1

zi Od=6
i

o

[OVA+A V ]R = ZVA+A V OVA+A V

) parity-odd component renormalizesmultiplicatively!
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Wilson quarks with chirally rotated mass terms

Question:Canwe avoidthe mixing problemby usingthe multiplicativelyrenormalized
operator OVA+A V to computeBK ?
Answer: YES, by introducing the quark mass terms in a non-standard way
(Frezzotti, Grassi,S., Weisz'01):

� considercontinuumtheory for a light quark doublet  and the s-quark:

L f =  
�
D=+ m + i� q
 5� 3�

 + �s (D=+ ms) s:

� perform a chiral rotation of the doublet �elds

 0 = exp
�

i� 
 5
� 3

2

�
 ;  

0
=  exp

�
i� 
 5

� 3

2

�
; with tan � = � q=m

) L 0
f =  

0
(D=+ m0)  0+ �s (D=+ ms) s; m0 =

q
m2 + � 2

q

� the �eld rotation rede�nesthe symmetriesand mapscomposite �elds:

O0
VV +AA = cos(� )OVV +AA � i sin(� )OVA+A V

= � iOVA+A V (� = � =2)
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Maximally twisted light doublet ( � =2 szenario)

� The operators are mapped to eachother at \maximal twist" � = � =2 , m = 0

) useWilson quarks with a maximallytwisteddoublet and a standard s-quark

Sf = a4
X

x

�
 (x)(DW + m0 + i� q
 5� 3) (x) + �s(x)(DW + m0;s)s(x)

	

� additionalbene�t: the twistedmassterm eliminatesunphysicalzeromodes

) simulationscan get closeto physicalsituation: massdegenerateu; d-quarks and a
heaviers-quark

� HOWEVER:

{ benchmark resultsin lattice QCD usuallyperformed for ms = md

) zeromode problemis back for the s-quark
{ quenchedapproximation: quenchedchiral log for ms 6= md
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Mass degenerate (d;s) doublet ( � =4 scenario)

Exchangethe rolesof s and u quarks, i.e.  = (s;d)T :

� after the chiral rotation one then �nds

O0
VV +AA = cos(2� )OVV +AA � i sin(2� )OVA+A V

= � iOVA+A V (� = � =4)

) againthe operators are mapped to eachother provided� = � =4 , m = � q

� can pushdown simultaneouslyd and s quark masses

� no zero modes (exceptionalcon�gurations): the u quark does not participate in
correlation functions

� we know all �nite renormalization constantsand O(a) improvementcoe�cients
which are necessary for the parametertuning.

) needto determinethe multiplicative renormalizationconstant

6



Non-p erturbative renormalization of OVA+A V

We usea �nite volumeschemebasedon the Schr•odingerfunctional which

� is gaugeinvariant

� is quark massindependent: renormalization conditionsare imposedin the chiral
limit (S. Weinberg '73)

� allows for simulations at zero quark mass, due to SF boundary conditions
(Dirichlet conditionsin time direction)

� hasthe renormalizationscaleset by the space-timevolume,� = 1=L

) recursiveprocedureallows to connectscaleswhich di�er by ordersof magnitude

) renormalization fully controlledat the non-perturbative level

refs.: Guagnelli, Heitger, Palombi, Pena, S., Vladikas (Alpha collaboration),
hep-lat/0505002 & hep-lat/0505003
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Renormalizationgroup evolutionof BK (SF scheme)
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A few simulation details

Use O(a) improved Wilson quarks with twisted mass term, standard Wilson
plaquetteaction:

� 4-5 � -values2 [6:0 � 6:45], corresponding to lattice spacingsa = 0:05 � 0:1 fm
(scalefrom r 0 = 0:5 fm)

� lattice volumesrangefrom 163 � 48 to 323 � 72

� quark massestuned to achieve� = � =2 or � = � =4 and pseudoscalar masses
aboveor around mK

� �nite volumee�ects below statistical errors (checked at � = 6:0); At � = 6:45 the
323-lattice is too small ) small chiral extrapolation requiredevenin � =4 case
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Extract BK directly from suitableratios of correlation functions:
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� � =2 case:
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� � =4 case:
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Continuumextrapolation of BK (� =4 data):
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(Preliminary) result: B̂K = 0:834(37) , B MS
K (2 GeV) = 0:604(27)
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Conclusions

� We haveperformed a benchmark calculationof BK in quenchedmodel for QCD
with controlledsystematicerrors:

{ �nite sizee�ects
{ excitedstatescontributions(more complicatedin tmQCD)
{ chiral interpolations/(small) extrapolations
{ non-perturbativerenormalization
{ continuumextrapolation using2 alternativeformulations
{ SU(3) breaking: no dependenceup to (M s � M d)=(M s + M d) � 0:5

� the (preliminary) total error meetsthe requirement(< 5 percent)

� compatiblewith resultsusingother lattice regularisations(usually lesscontrolled)

� Further progressrequiresdynamicalquarks;

good prospects for Wilson type quarks from algorithmic improvements

(fall of the \Berlin wall")
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