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Outline

® Important theoretical progress in understanding pion-pion interactions,
by the combined use of chiral symmetry, analyticity, unitarity and
crossing Colangelo, Gasser, Leutwyler (2001)
® Recent developments
& Sensitivity to the high energy input (Regge) Caprini& CGL (2003)
» Extension of Roy equations to higher energies

& Improved input at high and intermediate energies

CCL, work in progress

® Scalar radius of pion Ananthanarayan & CCGL (2004)
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Chiral symmetr y

® Pion = Goldstone boson of a spontaneously broken approximate
symmetry. This implies a speci ¢ structure of the Interaction at low

energies, that can be calculated in a systematic way (ChPT)

® The pion-pion scattering amplitude was calculated to two loops. The
expansion converges very rapidly near the center of the Mandelstam
triangle, but the convergence becomes rapidly slow as one

approaches the unitarity cuts

® Already at threshold the direct application of chiral expansions is not

satisfactory

® More precise methods are necessary in order to compute the S-wave

scattering lengths
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Roy equations

9

Dispersion theory fully determines the structure of the amplitude in terms of

physical region absorptive parts and two subtraction constants

Fixed t-dispersion relations: the subtraction constants can be identi ed with

the S-wave scattering lengths: a8; a%
Projection on the partial waves: Roy equations (1971)

Early applications not strong, due to the large uncertainties in the subtraction
constants; S-wave scattering lengths were calculated from various sets of

data Basdevant, Frogatt, Peterson (1974)

ChPT provides the missing piece: the S-wave scattering lengths
Ananthanarayan, Colangelo, Gasser, Leutwyler (2001)

Descotes-Genon, Fuchs, Girlanda, Stern (2002)

I.Caprini, QCD Conference, Beijing 2005 Theoretical aspects of pion-pion interaction — p.4/3:



S-wave scattering lengths from ChPT

» Match the two loop expansion with subtracted dispersion relations below
threshold CGL 2001

o TM?
" 3p R

o Cp depends on the low energy coupling constants of ChPT

Co+ M* o+ O(M®)

2 ] 2
Co= 1+ 5Ny oo fls 232g+ O(M?)

® (s due to the momentum dependent part of the amplitude

(=022 0005 &= 00444 0:0010)

» 2% level of accuracy quite unusual in hadron physics

® experiments have not yet reached this level
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Theoretical predictions for the scattering lengths

I T I T I T I
== Universal Band
-0.02— o tree (1966), one loop (1983), two loops (2000) —
— Prediction (cPT + dispersion theory, 2001)
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Theoretical predictions for the scattering lengths
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— Prediction (cPT + dispersion theory, 2001)

Early applications of the Roy equations
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Experimental status on the scattering lengths

® Geneve-Saclay (1977): Kes data, 20% accuracy Rosselet et al
® BNL E865 (2003): high statistics Ke4 data Pislak et al (2003)

® NA48/2 at CERN (2005): cuspin K! 3 atthe  threshold
cf. Cabibbo (2004)

a; a3= 0:281 0:007stat) 0:014sys)

http://na48.web.cern.ch/NA48/

® DIRAC at CERN (2005): *  atom lifetime
0 2 — N 0:033
8 8= 0:264 ;3

http://dirac.web.cern.ch/DIRAC/

I.Caprini, QCD Conference, Beijing 2005 Theoretical aspects of pion-pion interaction — p.7/3:



S-wave scattering lengths: theory and experiment

== Universal Band
e tree (1966), one loop (1983), two loops (2000) X
— Prediction (cPT + dispersion theory, 2001)
-0.02 - - Descotes et al. (2002) 70 ~
E 865 (2003) '
Lattice (BGR 2004)
Lattice (MILC 2004)
-0.03 DIRAC (2005)
- NA48 (preliminary)
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How impor tant are the subtraction constants

® Roy equations & the S-wave scattering lengths from ChPT )

accurate description of the S and P waves below 0.8 GeV

® Sharp predictions on the threshold parameters of the partial waves

a00 b00 a20 b20 all a02 az22 al3

[)

= Nagels et al. 1979
e CGL 2001
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In uence of the high energy input

® High energy input used in ACGL.:

» Between 0.8 GeV and 2 GeV: phenomenological partial waves

analyses
» Above 2 GeV: Regge model from Pennington (1975)
® The analysis was repeated with a different input
Caprini, Colangelo, Gasser, Leutwyler (2003)
#® Regge model starting from 1.4 GeV Pelaez, Yndurain (2003)
» Different Regge parametrization PY (2003)

®» The results below 0.8 GeV practicall y unchanged: what matters

are the subtraction constants
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Effect on the isoscalar Swave
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® Colored band: CGL (2001). Solid line CCGL (2003): solution of Roy

equations with the asymptotics of PY (2003). Dashed: parametrization

proposed by PY (2003).
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Effect on the P wave
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® Colored band: CGL (2001). Solid line CCGL (2003) : solution of Roy
equations with the asymptotics of PY (2003)
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Effect on the isotensor Swave
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® Colored band: CGL (2001). Solid line CCGL (2003): solution of Roy
equations with the asymptotics of PY (2003). Dashed: parametrization
proposed by PY (2003).
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Solving Roy equations at higher energies

® Theoretical limit for Roy equations : P S< 1.15 GeV

» Motivation of the extension:

» Hadronic contribution to the muonic g  2: P-wave around 1 GeV

® Requires more accurate high energy input

#» Regge model above 1.7 GeV:.
o dataon NN,NN, N and factorization

& dispersive sum rules sensitive to the high energy region Olsson

# Improved input for the partial waves between 0.8 GeV and 1.7 GeV

Caprini, Colangelo, Leutwyler: work in progress
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Regge model: total cross section with Iy = 0(2)

® |; = O: Contribution of the Pomeron and the f Regge pole

® | = 22 Regge cut (not shown)
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Regge model: total cross section with |t = 1

® Contribution of the Regge pole
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Exotic S-wave above 1 GeV

9o channel in a K matrix formalism may explain the experimental inelasticity
above 1 GeV Wu, Zou, Li, Bugg (2004)
D pl p? p3 D
r
p5 p p p6
r
p p
P Ps Py

® Finite width of accounted for by the effective phase space ) e (9

R q
s (9= dsdsaPIB(si)B(ss) 1 3 (s D)

M
s B(p®) = l(Mz 02)2+ M2 2

o Imt3j e (9K12K21;  Ki2; Ko real WZLB (2004)
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Field theoretic approach

® Exact evaluation of the box diagram: Caprini, work in progress

R
o T dprdps T s S(P9) S(P3)

2 M2 2 2 m2 2
s N=¢g* numeratas 2—'\32 2—'\32
5 6

® S:dressed propagator:

s S(p?) = :

W S 1=2i (s 4M?»)Im (p?+i)

® [andau-Cutkoski rule (using the expansion of the dressed propagator in pion
loops):

R
s ImT dp7dpsdpsdps  S(p9) S(p3) Tpé(pgzgszpéplmgz))

® The factorization of the effective phase space cf. WZLB is not valid: has

variable mass in the kinematical factors
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Inelastic contrib ution to the imaginary part

» Imaginary part required as input in the Roy equation:

# Unitarity: Im’[2 Imt2 o2 + Imtojz

o |mt0j2 from and f exchange

0.5

— pp contribution
- pp+rr, L =1.2 GeV|

- pp+rr, L =1.6 GeV|

pp+rr, L =1.4 GeV|

Hoogland B (1977
Hoogland A (1977
Losty et al (1974)

2
Imt,
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® Data around 1 GeV not fully explained by the

25

WZLB (2004)

channel
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Inelasticity of the exotic S- wave
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Scalar form factor of the pion

[ ®=h (Pimeuu+ mgddj (p)i; t=(p pH?]

® Value at t=0: -term of the pion

(0) = my @ + my @ = M2 + O(M?)
@ny @ng

® Dependence of the pion mass to the quark masses
= (my + mg) 2 jhOjuujOij
® Slopeatt=0 “scalar radius” (or the coupling constant |3 of ChPT)
()= (0) = 1+ in2igt+ O(t?)

® Important in ChPT: determines the sensitivity of F  to my; Mg:

F _ 1 M2 2 13M° 2
T = 1 g Mg+ qgae + O(M)
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Determination of the scalar radius

® ChPT calculation: Gasser & Leutwyler (1985)

B =1+ (M2 M?)2ig+ logs ) hPig= 0:55 0:15fm?

® Dispersive calculations:

& Two-channel unitarity: Donoghue & GL (1990); CGL (2001)
hr2ig= 0:61 0:04fm?

# Inclusion of other inelastic channels: Moussallam (1999)
hr?ig = 0:58 to 0:65fm?

#® Single channel Omnes formalism: Yndurain (2004, 2005)

hr2ig= 0:75 0:07fm?
® Lattice: quark mass dependence on F at small fh: MILC (2004)
hr2ig= 0:50 0:10fm?
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Elastic unitarity and Watson theorem

® Unitarity: Im  (t+1) = (t) t8(t) + (U tin) in

s t3(t) = 55— = 1 4M?=s

: . (0) .
® Inthe elastic region:  (t+ i) = €& o () (t+1)

® Solution: write  (t+i)=] (t)je

[ (t) = 8(t)] Watson theorem

® Remark: elastic unitarity predicts only 8 = 0 modulo
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Single channel Omnes representation

® Analyticity, the knowledge of the phase, no zeros in the complex plane:

R
M= ©@expt  doqid
4M?2

® The scalar radius is expressed as:

R
2 — 6 ()
4M?2
9o In the inelastic region ?
) , 8 and the phase  of t8 are not equal

#® explicit multichannel calculations are necessary
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Muskhelishvili-Omn es equations

® Coupled singular integral equations based on:

® Two-channel unitarity:

Im n(t+1)= P n(t) n()T,a(); m=1;2
n=1:2

s at)y= () 2t) = & k()

s Tmn: ;. K;KKamplitudes (from experiment)

# Unsubtracted dispersion relations: (1) % Brodski, Lepage (1980)
® Valuesof p(t) att = Ofrom ChPT

Donoghue & GL (1990), CGL (2001), Moussallam (1999), ACCGL (2004)
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Solution of M-O equations

300

200

degrees

100

® The phase of the form factor is close to the phase  of t8
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Arguments of Yndurain for a larger radius

®» From Watson theorem: Yndurain (2004, 2005)

® |nelasticity is important in a small region: 0.992 GeV 1.1 GeV

® Above 1.1 GeV the phase  must follow the phase-shift 8 ignores

the ambiguity !

® From perturbative QCD: Yndurain (2005)

s(Q%) g Q?
(QZ) = ,F° Q2 (In 2= 2)dn In o

#® Analytic continuation to the timelike axis generates the phase:

2 dmInt= 2 20
= + 1+
(t) arctan (nt= 22 2 nt= 2

#® Assumption that QCD regime begins at 1.3 GeV
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Arguments of Yndurain

40—
0
L dO
—— dg |

3001 pQCD (Yndurain)
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)
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o
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® The dashed line: phase from pQCD without asymptotic approximations

» At 1.3 GeV the corrections are large
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Calculation in perturbative QCD

® Yndurain includes only the twist-2 pion distribution function

® Contribution of the twist-3 term: Caprini (2005)

(@) h

In— 2M2

2 2
(Q ) F Q2 m2 (|n QZ— 2)dm

() m
SRk Hinge= 7o T 7

® The term derived by Yndurain (2005) is a symmetry breaking effect

(@)= () F—-

® Unless 1 much largerthan 2 the second term dominates
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Asymptotic phase from perturbative QCD
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The evaluations are crude: the infrared (end-point) divergence requires more

re ned methods

Arguments of Yndurain based on pQCD are not solid
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What counts for the behaviour of the phase

The solution of the M-O equations can be written (along the cut) as:

(t) = ca(t)Taa(t) + co(t) T12(t)
k(t) = cu(t)Toa(t) + co(t)T22(t); ci(t) real

Sum of two complex numbers: parallelogram rule for vector addition
t < (t) < T12
The coef cients Cq, Cp are obtained by solving M-O integral equations

They depend on the values of the form factors at the origin

Different behaviour of the form factors of the uu + dd and SSoperators
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lllustration: C;q, Co for Hyams

amplitudes

C1; C slowly varying functions. C1 > Cp )

— C
— G

0.8 0.9

1
E (GeV)

11

(t) close to ¢

sensitivity to the current algebra values: an increase of k(0)= (0) by
50% increases r2i ¢ by 0.02
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Conclusions

ChPT combined with analyticity, unitarity and crossing symmetry lead

to very precise predictions for pion pion interactions at low energies

Recent results from the CERN experiments NA48/2 and DIRAC are in

agreement with the ChPT predictions of the scattering lengths

Work in progress to extend the analysis to higher energies
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