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Generalized Parton Distributions

Idea: There must e.g. exist a relationship between form factors and distribution functions,

q(x) soft ↔ F1,2(t) soft. (If there are many quarks, antiquarks and gluons in a hadron, then the

probability is small that it survives a strong kick.)

Before, this relationship could only be made via models. Now, there exists a stringent QCD

connection (factorisation proofs !?).

GPDs are response functions of hadrons: you take some quark or gluon with longitudinal momentum

fraction x+ ξ out and put it back with x− ξ plus possibly transverse momentum.

For a formulation in terms of light-front wave functions → Stan Brodsky’s talk

ξx−ξx+

nucleon nucleon

ERBL region ξ > x, ξ < −x

DIS region −x < ξ < x

X. Ji (1996), A. Radyushkin (1996), D. Müller, B.Geyer et al. (≤1994)



Meanwhile a pletora of reactions has been analysed in terms of GPDs and many interesting and

unexpected relations have been found.
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Basically the GPD framework provides a unifying parametrisation of many different reactions:

• allows to combine the seperate information in the most efficent manner

• provides connections, nobody ever thought about



Definition of GPDs
We use the notation of X.Ji and name the momenta according to:

h(P1) + Γ∗(q1) → h(P2) + Γ(q2)

for any hadron h and define ∆µ = q2µ − q1µ, t = ∆2, Pµ = (P1µ + P2µ)/2;

nµ = (1, 0, 0,−1)/
√

2P+ → n · P = 1 and ξ = −Q2/2P · q.

Spin 1
2 - the nucleon (modulo gauge links)
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γ5N(P1) + Ẽq(x, ξ, t) N̄(P2)

γ5∆
+

2M
N(P1)

]



−i
∫
dz−

2π
e
ixP+z−〈p′| q̄(−

1

2
z)σ

+j
γ5 q(

1

2
z) |p〉

∣∣∣
z+=0, z⊥=0

=
−i
P+

[
HTq(x, ξ, t) N̄(P2)σ

+j
γ5N(P1) + ETq(x, ξ, t) N̄(P2)

ε+jαβ∆αγβ

2M
N(P1)

+H̃Tq(x, ξ, t) N̄(P2)
ε+jαβ∆αPβ

M2
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plus tansition GPDs



plus Generalized Distribution Amplitudes

Φq(z, ζ, s) =

∫
dx−

2π
e
i(2z−1)P̄+x−〈π+

(P1)π
−
(P2)| q̄(−

1

2
x) γ

+
q(

1

2
x) |0〉

∣∣∣
x+=0, x⊥=0



Some aspects:

• relation to form factors and distribution functions

Hq(x, 0, 0) = q(x)
∫ 1

−1
dxHq(x, ξ, t) = F1q(t)

H̃q(x, 0, 0) = ∆q(x)
∫ 1

−1
dxHq(x, ξ, t) = gAq(t)

• polynomiality∫
dxx

n
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i
A
q
n,i(t) + mod(n, 2)(2ξ)

n+1
C
q
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These generalized form factors Aq
n,i(t), B

q
n(t), C

q
n(t) are given by matrix elements of local

operators.

〈P2|Sym q̄γ
µ ↔
D
µ1
...

↔
D
µn
q|P1〉 = Sym ūγ

µ
u

n∑
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A
q
n,i(t)∆

µ1...∆
µiP

µi+1...P
µn

→ They can be and have been calculated on the lattice → John Negele’s talk



• GPDs give information on the transverse structure of hadrons in the impact parameter plane.

The transverse mass is
√
q2
‖ +m2. Therefore a probabilistic interpretation makes sense.

Hq(x, 0, b
2
⊥)=

1

(2π)2

∫
d

2∆⊥ e
ib⊥∆⊥Hq(x, 0,∆

2
⊥)

This is highly relevant for LHC due to multiple hard interactions in one p+ p collision.

→ Matthias Burkardt’s and Markus Diehl’s talk



u(x, b⊥) for unpolarized

and transversely polarized protons.

M. Burkardt, Int. J. Mod. Phys. A 18 (2003) 173

hep-ph/0207047
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1
2

∫ 1

−1
dx [F (x, b⊥) + siF i

T (x, b⊥)] for u-quarks in a proton with transverse spin vector S⊥ =

(1, 0). The transverse quark spin vector is s⊥ = (1, 0) in the left plot and s⊥ = (0, 1) in the right

plot.

M. Diehl and P. Hägler, hep-ph/0504175



• GPDs contain information on the total angular momentum carried by the struck parton.

Ji’s sumrule:

LQCD → Tµν (energy −momentum tensor)

→ Lorentz decomposition for 〈p|Tµν|p′〉 → formfactors A(t)...

∼ OPE for e.g. 〈p|T̃µν|p′〉 in DVCS

J
i
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1

2
ε
ijk
∫
d

3
x(T

0k
q,gx

j − T
0j
q,gx

k
)

=
1

2
[Aq,g(0) + Bq,g(0)]



Deeply Virtual Compton Scattering (DVCS): γ∗ + p→ γ + p

The DVCS amplitude:

T̃
µν

(P, q,∆) = −
1

2
(P

µ
n
ν
+ P

ν
n
µ − g

µν
)

∫
dx

(
1
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×
[
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2
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2
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−
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2
ε
µναβ

pαnβ

∫
dx

(
1

x− ξ + iε
−

1
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×
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H̃(x, ξ,∆

2
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2
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∆ · n
2M
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]
∫
dxx[H(x, ξ, t) + E(x, ξ, t)] = Aq(t) + Bq(t)

However, there are lots of complications:

NLO → NNLO perturbative corrections

Higher-twist contributions

deconvolution, GPD fits

...



The experimental situation

There are lots of asymmetries, which help to disentangle GPDs, e.g. for deuterium (interference

Bethe-Heitler and DVCS mplitudes, φ angle between (e, e′)-plane and (p′, p, γ)-plane:

the beam spin asymmetry

ALU(φ) =
dσ↑(φ)− dσ↓(φ)

dσ↑(φ) + dσ↓(φ)

the long. pol. target spin asym.
AUL(φ) =

dσ⇑(φ)− dσ⇓(φ)

dσ⇑(φ) + dσ⇓(φ)

the charge asymmetry
AC(φ) =

dσ+(φ)− dσ−(φ)

dσ+(φ) + dσ−(φ)

the beam spin asymmetry (spin-1 target)

AL±(φ) =
dσ↑⇑(φ) + dσ↑⇓(φ)− dσ↓⇑(φ)− dσ↓⇓(φ)

dσ↑⇑(φ) + dσ↑⇓(φ) + dσ↓⇑(φ) + dσ↓⇓(φ)

the tensor polarization

Azz(φ) =
dσzz

3dσunp

, dσzz ≡ dσ
⇑

+ dσ
⇓ − 2dσ

⇒
, dσunp ≡

1

3

(
dσ

⇑
+ dσ

⇓
+ dσ

⇒
)



meson electro production

Exclusive meson production γ∗ + p → h + N provides much complementary information on

GPDs and DAs. Some leading twist examples are (from M. Diehl, Phys. Rept. 388 (2003) 41;

hep-ph/0307382 ):

JPC or JP meson GPD DA

1−− ρ0, ω, φ Hq(+), Hg Φq

0++, 2++ f0, f2 Hq(−) Φq,Φg

0−+ π0, η, η′ H̃q(−) Φq

1− ρ± Hq(+) ± 3Hq(−) Φq

0− π± H̃q(−) ± 3H̃q(+) Φq

There exist many more possibilities to learn about GPDs, especially the crossed processes.

P. Kroll et al.: γ + γ → h1 + h2, p+ p̄→ γ + π0, ...

S. Brodsky’s talk: e+e− → h+ + h−



DESY: HERMES,H1,ZEUS
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JLab S. Stepanyan et al. [CLAS], PRL 87 (2001) 182002; hep-ex/0107043 and AIP Conf. Proc.

698 (2004) 129; nucl-ex/0308032
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LO → NNLO evolution; Analytic properties of GPDs

A. Belitsky and D. Müller et al.

Because exclusive cross-sections fall rapidly with Q2 and one needs high statistical precission, one

typically has to live with relatively small Q2 → the convergence of perturbation theory is a crucial

issue. I will only discuss DVCS, the best studied case, and only Hq.

Tµν(P, q1, q2) = i

∫
dxe

ixq〈P2, S2|T {jµ(x/2)jν(−x/2)} |P1, S1〉

=
(
gµν − n+µn−ν − n+νn−µ

) qσ

P · q
Ū(P2, S2)HγσU(P1, S1) + ...

H = Hq +HG

ξ ≡
Q2

P · q
, η ≡ −

∆ · q
P · q

,

Q
2

= −q2
= −

1

4
(q1 + q2)

2
, P = P1 + P2,

∆ = P2 − P1 = q1 − q2
P P

qq
1 2

21

If e.g. the outgoing photon is off-shell ξ and η are not equal.



In LO: (note the convolution)

Hq(ξ,∆
2
,Q2

) =

∫ 1

−1

dx

[
Q2
q

ξ − x− i0
∓

Q2
q

ξ + x− i0

]
Hq(x, ξ,∆

2
,Q2

) ,

LO evolution: One can simply take over the anomalous dimensions from the forward case

(conformal symmetry). A. V. Belitsky et al., Phys. Lett. B 421 (1998) 312.

NLO: A. Belitsly, D. Müller, ... (1999)

Hq =
∑
q

e
2
q

∫ 1

−1

dx
[
Tq(ξ, η, x,Q

2
, µ

2
)Hq(x, η,∆

2
, µ

2
)

+
1

Nf

1

η
TG(ξ, η, x,Q

2
, µ

2
)HG(x, η,∆

2
, µ

2
)
]

Where the convolution kernels are

Tq(ξ, η, x,Q
2
, µ

2
) =

1

η

(
T

(0)
q (

ξ

η
,
x

η
) + T

(1)
q (

ξ

η
,
x

η
,
Q2

µ2
) + ...

)
1

η
T

(0)
q (

ξ

η
,
x

η
) =

1

ξ − x− iε



In general T is a convolution, containing the evolution kernels V
(
r
η,

s
η

)
(eigenvalues: anomalous

dimensions γj) and coefficient function C
(
s
η,

t
η;αs

)
(eigenvalues: Wilson coefficents).

T
NS
q (ξ, η, t, Q

2
, µ

2
) =

1

η
F

(
ξ

η
,
r

η

)
⊗
(
Q2

µ2

)V (rη,
s
η)

⊗ C

(
s

η
,
x

η
;αs

)
,

These are diagonal in the basis of Gegenbauer polynomials if β0 = 0 (respectively in the conformal

subtration scheme):∫
drη

j
C

3/2
j

(
r

η

)
V

(
r

η
,
s

η
;αs

)
= −

1

2
γj(αs)η

j
C

3/2
j

(
s

η

)
,∫

dsη
j
C

3/2
j

(
s

η

)
C

(
s

η
,
x

η
;αs

)
= cj(αs)η

j
C

3/2
j

(
x

η

)
Therefore the GPDs were expanded in Gegenbauer polynomials → slow convergence, especially

around the DIS/ERBL cross-over point ξ = η, and not applicable for small ξ.



A.Freund and M. Mc Dermott, e.g. (2002): Numerical integration

Evolution kernels A. V. Belitsky, D. Müller and A. Freund, Phys. Lett. B 461 (1999) 270, hep-ph/9904477.

The results are very sensitive (in the HERA collider kinematics) to the small x behaviour of the

input GPDs. Freund, Strikman et al. assume Hq(x, ξ) = q(x).
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NNLO: The kernels are not known to NNLO, only the anomalous dimensions and Wilson

coefficents. One has to go back to an expansion in Gegenbauer polynomials. Evolution leads to

cross-talk between ERBL and DIS region → one needs a representation which converges in both

regions.

D. Müller (2005): A different expansion in ’conformal moments’ mn(η,∆
2)

mn(η,∆
2
) =

∫ 1

−η
dx cn(x, η)q(x, η,∆

2
) q(x, η,∆

2
) =

∞∑
n=0

(−1)
n
pn(x, η)mn(η,∆

2
)

cj(x, η) =
Γ(3/2)Γ(3 + j)

21+jΓ(3/2 + j)
η
j
2F 1

(−j, j + 3

2

∣∣∣η − x

2η

)

pn(x, η) = η
−n−1

pn

(
x

η

)
, pn(x) = θ(1− |x|)

2nΓ(5/2 + n)

Γ(3/2)Γ(3 + n)

(
1− x

2
)
C

3/2
n (−x) .

Problem: this does not converge for η < 1 → Sommerfeld-Watson-transformation →

q(x, η,∆
2
) =

i

2

∫ c+i∞

c−i∞
dj

1

sin(πj)
pj(x, η)mj(η,∆

2
) .

{
HNS

ENS

}
(ξ,∆

2
, µ

2
) =

1

2i

∫ c+i∞
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dj ξ

−j−1

[
i+ tan

(
πj

2

)]
C

NS
j (Q/µ)

{
HNS
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ENS
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}
(ξ,∆

2
, µ

2
) .



C
NS
j (Q

2
/µ

2
) =

(
µ

2
/Q

2
)γj/2 2j+1+γjΓ(5/2 + j + γj/2)

Γ(3/2)Γ(3 + j + γj/2)
cj(αs)

With this representation the evolution equations for the conformal moments of the GPDs{
HNS
j

ENS
j

}
(η,∆

2
, µ

2
) =

Γ(3/2)Γ(1 + j)

2jΓ(3/2 + j)

∫ 1

−1

dx η
j
C

3/2
j

(
x

η

){
HNS

ENS

}
(x, η,∆

2
, µ

2
) .

can be given explicitely

µ
d

dµ

{
HNS
j

ENS
j

}
(ξ,∆

2
, µ

2
) =

−
[
αs(µ)

2π
γ

(0)
j +

α2
s(µ)

(2π)2
γ

(1)
j +

α3
s(µ)

(2π)3
γ

(2)
j +O(α

4
s)

]{
HNS
j

ENS
j

}
(ξ,∆

2
, µ

2
)

−
β0

2

α3
s(µ)

(2π)3

j−2∑
k=0

[
∆

CS
jk +O(αs)

] {HNS
k

ENS
k

}
(ξ,∆

2
, µ

2
) ,



First numerical results NS, S will be ready soon

Input GPDs ??? A simple minded Regge-type GPD ansatz α(∆2) = 0.5 + 0.9GeV−2∆2

q(x, η = 0,∆
2
) = N(∆

2
)x

−α(∆2)
(1− x)

β

→ mj(∆
2
, η, µ

2
0) = N(∆

2
)
B(1− α(∆2) + j, β + 1)

B(1− α(∆2), β + 1)
+O(η

2
)

one gets for

K(abs, NNLO) =

∣∣HNNLO
∣∣

|HNLO|
K(arg, NNLO) =

arg
(
HNNLO

)
arg(HNLO)

K(abs, NLO) =

∣∣HNLO
∣∣

|HLO|
K(arg, NLO) =

arg
(
HNLO

)
arg(HLO)
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Conclusion:

For fixed target kinematics (not too small ξ) the perturbative corrections are moderate and so the

perturbative expansions seems to convergence. (More numerical studies are needed.)



Exclusive π+ + π− electro production in NLO N. Warketin, D. Y. Ivanov, et al.
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Photon Diffractive Dissociation V. Braun et al., PRL89 (2002) 172001; hep-ph/0206305

H (y,   )g ξ

y + ξ y − ξ

p
1

q
1

q
2

H (y,   )g ξ

p
1

p’
2

p
2

p’
2

p
2

a) b)

u z

1−u 1−z

Chirality Conserving contribution (CC):

〈0|q̄(0)γ+

1±γ5

2
q(x−, r)|γ(λ)

(q)〉 =
iNceq

4π2r2
q+

1∫
0

du e
−iuq+x−

[
(e

(λ) · r)(2u− 1)± iεikrie
(λ)
k

]
— momentum ∼ q⊥ can flow through the photon vertex

Chirality Violating contribution (CV):

〈0|q̄(0)σαβq(x)|γ(λ)
(q)〉 = i eq χ〈q̄q〉

(
e

(λ)
α qβ − e

(λ)
β qα

) 1∫
0

du e
−iu(qx)

φγ(u, µ)

—large momentum ∼ q⊥ cannot flow through the photon vertex



χ is the magnetic susceptibility of the quark condensate (Ioffe, Smilga 1983).

〈0|q̄σαβq|0〉F = eq χ 〈q̄q〉Fαβ

in hard processes, typically

chirality breaking

chirality conserving
∼

4π2χ〈q̄q〉
NcQ

∼
650MeV

Q

2π
dσγ→2 jets

dφdq2
⊥dtdz

∣∣∣∣∣
t=0

=
∑
q

e
2
q

αEM α
2
sπ

2

2Ncq6
⊥

×
[
(1− 4zz̄ cos

2
φ)|JCC|2 +

π2α2
sχ

2〈q̄q〉2

N2
c q

2
⊥

|JCV |2
]

Here φ is the azimuthal angle between the jet direction and the photon polarization.

• CC and CV contributions do not interfere

• CC contribution is of order 1/q6
⊥, CV is 1/q8

⊥



Chirality Conserving Amplitude

in LO

J LO
CC = −

1

π

1∫
−1

dyHg(y, ξ)
ξ

(y − ξ + iε)2

Hg(y, ξ) = Hg(−y, ξ) is the generalized gluon distribution

• Notice an unusual double-pole

in NLO

ImJCC ' ξH′
g(ξ, ξ) +

αsNc

π

∫ 1

ξ

dy

y + ξ
Hg(y, ξ)

where H′
g(ξ, ξ) = dHg(y, ξ)/dy|y=ξ → partial cancellation

The real part is smaller and can be neglected in the first approximation.



Chirality Violating Amplitude

JCV = −
1

π

1∫
−1

dy

1∫
0

duHg(y, ξ)
φγ(u)

uū

{
CF

(
2ξ

(y − ξ + iε)2
−

1

y − ξ + iε

)
+

(
CF

(
zz̄

uū
+ 1

)

+
1

2Nc

(
z

u
+
z̄

ū

))
zū+ uz̄

y(z − u)− ξ(zū+ uz̄) + iε

−
(
CF

zz̄

uū
+

1

2Nc

(
z

u
+
z̄

ū

))
1

(y − ξ − iε)

}

Integration over the quark longitudinal momentum fraction contains a logarithmic

divergence at the end-points u→ 0, 1

which signals that the collinear factorization is violated. The divergent contribution is purely

imaginary and reads

J IR
CV = 2iHg(ξ, ξ)

(
Nczz̄ +

z2 + z̄2

2Nc

)∫ 1

umin

du

u2
φγ(u)

where we have introduced an infrared cutoff umin = µ2
IR/q

2
⊥.



Numerical calculations for HERA kinematics: µIR = 500 MeV; solid/dashed curve ∼ ξ/2ξ as

lower bound; GPDs describing HERA data from A. Freund and M. McDermott, Phys. Rev. D 65
(2002) 074008
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q⊥ = 2 GeV CV dominates q⊥ = 5 GeV CC dominates

The dependence on longitudinal momentum fraction and azimuthal angle give clear evidence for

whether the CC or the CV contribution dominates ! (solid: µIR = 500 MeV; dashed µIR = 350

MeV)



Note:

One gets very similar results for diffractive pion dissociation into two jets V. Braun et al. Phys.

Lett. B 509 (2001) 43

Exclusive Photoproduction of Heavy Quarkonia in NLO

D. Y. Ivanov et.al., Eur. Phys. J. C 34 (2004) 297; arXiv:hep-ph/0401131

Potentially very interesting to learn about the gluon GPD, but the scale dependence is still very

strong for J/ψ even vor µ = O(10) GeV2. Υ is better but also not unproblematic.



Higher-Twist contributions

The OPE for spin-dependent distribution functions:∫
g1(x,Q

2
)dx = a0 +

M2
N

9Q2
(a2 + 4d2 + 4f2) +O

(
M4

N

Q4

)
∫
g2(x,Q

2
)dx = 0 +O

(
M4

N

Q4

)
∫
x

2
g1(x,Q

2
)dx =

1

2
a2 +O

(
M2

N

Q2

)
∫
x

2
g2(x,Q

2
)dx = −

1

3
a2 +

1

3
d2 +O

(
M2

N

Q2

)

with

〈pS|q̄(0)γσγ5q(0)|pS〉 = 2S
σ
a0

and e.g.

〈pS|q̄(0)
(
gγ

α
G̃
βσ

+ gγ
β
G̃
ασ
)
q(0)|pS〉 = 2S

σ − Traces ∼ d2

The an occure for
∫
xmg1(x,Q

2)dx and
∫
xmg2(x,Q

2)dx → there is a twist-2 part in

g2(x,Q
2) which is related to g1(x,Q

2).



g2(x,Q
2
) = g

WW
2 (x,Q

2
) + g2(x,Q

2
)

g
WW
2 (x,Q

2
) = −g1(x,Q

2
) +

∫ 1

x

g1(y,Q
2)

y
dy,

g2(x,Q
2
) = −

∫ 1

x

∂

∂y

(
m

M
hT (y,Q

2
) + ξ(y,Q

2
)

)
dy

y
,

hT (x,Q
2) is an additional twist-2 contribution that depends on the transverse polarization density

in the nucleon.



E143 (open diamonds) and E155 (open squares, solid diamonds) data. the twist-2 gWW
2 for the

apropriate kinematics (black line) and some specific models.



The same holds true for GPDs, things get just more complicated. In LO

(N. Kivel, M. V. Polyakov, AS and O. V. Teryaev; Phys. Lett. B 497 (2001) 73; hep-ph/0007315):

H
WW
3q (x, ξ) = −

1

4

{
θ(x > ξ)

∫ 1

x

du

u− ξ

[
∂Hq(u, ξ)

∂ξ
+
∂Hq(u, ξ)

∂u

]

− θ(x < ξ)

∫ x

−1

du

u− ξ

[
∂Hq(u, ξ)

∂ξ
+
∂Hq(u, ξ)

∂u

]
+ θ(x > −ξ)

∫ 1

x

du

u+ ξ

[
∂Hq(u, ξ)

∂ξ
−
∂Hq(u, ξ)

∂u

]
(1)

− θ(x < −ξ)
∫ x

−1

du

u+ ξ

[
∂Hq(u, ξ)

∂ξ
−
∂Hq(u, ξ)

∂u

]}
.

This was meanwhile worked out up to NLO and up to twist-4 and including meson production,

primarily by N. Kivel and L. Mankiewicz.



More phenomenological applications

Lots of work has been done, which I have no time to review, e.g. by :

K. Goeke, P. Kroll, P. V. Pobylitsa, M. Polyakov,
A. Radyushkin, M. Strikman, O. Teryaev, M. Vanderhaeghen,

Ch. Weiss



Conclusions:

pro’s:
• A theoretically well defined, truely comprehensive formulation which allows to relate
many different data from a large variety of experiments. (NLO → NNLO, higher-twist,
factorization proofs)
• Calculable on the lattice → far more and not convoluted lattice ’data’
• Provides clear-cut information on otherwise vague and model dependent quantities,
like the orbital angular momentum of quarks in a hadron, the transverse structure of a
fast-moving hadron, but also various aspects of hadron duality, crossing, etc.
• ’Naive’ phenomenological studies work surprisingly well. → higher-order and higher-twist
effects are probably not large, at least for some observables.

con’s:
• Everything is substantially more complex than for e.g. DIS
Rather a pro for a theoretician
• The number of experimental data points is extremely limited compared to the number
of parameters typically needed for parametrizations.



A theoretician’s dream can be an experimentalist’s nightmare.

M−Theory

SO(32)  het. S.E  x E  het. S.

II A Sstring II B Sstring

I Sstring

8 8

(Note: S. Brodsky will speak about the implications of AdS/CFT for GPDs!)

But: Already now the direct or indirect experimental input plus the much improved
theoretical understanding constrain substantially any viable GPD parametrization

Still:
One definitely needs a dedicated facility (12 GeV Jlab and/or eRHIC and a fixed target

program at CERN after 2010)
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= T
µν
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D
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T
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1

4
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2 − F
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α

(µν) denotes symmetrization with respect to µ and ν.
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2
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k
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∆
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P̄ µ = (P µ + P µ′)/2, ∆µ = P µ′ − P µ



The DVCS amplitude:

T̃
µν

(P, q,∆) = −
1

2
(p
µ
n
ν
+ p

ν
n
µ − g

µν
)

∫
dx

(
1

x− ξ + iε
+

1

x+ ξ − iε
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×
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2
,∆ · n)Ū(P

′
)/nU(P ) + E(x,∆

2
,∆ · n)Ū(P

′
)
iσαβnα∆β

2M
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−
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2
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∫
dx
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′
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∆ · n
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]
which gives J : ∫

dxx[H(x, ξ, t) + E(x, ξ, t)] = Aq(t) + Bq(t)


