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Vlasov equation of plasma in magnetic field
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Abstract. The linearized Vlasov equation for a plasma system in a constant external magnetic
field and the corresponding linear Vlasov operator are studied. The solution of the Vlasov equation
is found by the resolvent method. The spectrum and eigenfunctions of the Vlasov operator are also
found. The spectrum of this operator consists of two parts: one is continuous and real; the other
is discrete and complex. Interestingly, the real eigenvalues are uncountably infinitely degenerate,
which causes difficulty in solving this initial value problem by using the conventional eigenfunction
expansion method. It also breaks the natural relation between the eigenfunctions and the resolvent
solution in which the eigenfunctions can normally be considered as the coefficient&’oiethe

Laplace (or resolvent) solution.

1. Introduction

In plasma physics, many interesting phenomena such as plasma oscillations, instabilities and
Landau dampings can be studied and understood through a very simple plasma model. In this
model, ions are assumed to be motionless and to form a positively charged background and the
collisions between electrons are neglected. In 1945, Vlasov proposed a nonlinear equation,
now known as the Vlasov equation, to describe this model [1]. Since then, much effort has
been devoted to the study of this equation. When there is no external field, one usual way of
treating this problem is to first linearize the equation by assuming the systemis very close to the
equilibrium state, then reduce it to a one-dimensional equation. Many interesting phenomena
can be understood through this simple one-dimensional linearized Vlasov equation [2—4].

In this paper, | shall study this system in a constant external magnetic field. After the
Vlasov equation is linearized, two methods, the eigenfunction expansion method and the
resolvent method, are tried to solve the equation. The resolvent method is proved to be
successful. Surprisingly, the eigenfunction expansion method is not successful, even after all
the eigenfunctions of the corresponding linear operator, the Vlasov operator, have been worked
out. The difficulty is caused by the fact that the real eigenvalues are uncountably infinitely
degenerate.

The explicit relation between the Laplace transform (or the resolvent) approach and the
eigenfunction expansion approach to the one-dimensional Vlasov equation with no external
field was studied by Case [5] and Arthetral [6]. In particular, the latter demonstrated how
to construct the van Kampen—Case modes [5, 7] through the resolvent solution. Their results
show that the van Kampen—Case modes are, loosely speaking, simply the coefficiétits of e
in the resolvent (or Laplace) solution. This is no longer true when we do not reduce the
Vlasov equation to a one-dimensional problem or we simply cannot because of the existence
of external fields. The eigenmodes (or eigenfunctions) corresponding to the real eigenvalues
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presented in section 3 cannot be constructed with the resolvent solution in section 5, which is
caused by the infinite degeneracy mentioned above.

The plan of this paper is as follows. In section 2, the derivation of the linearized Vlasov
equations and their related linear Vlasov operators are sketched, primarily to introduce notation.
The eigenfunctions are presented and discussed in section 3 without detailed calculations.
Next, in section 4, the related adjoint problem is discussed briefly and the orthogonal relation
between the original eigenfunctions and the adjoint eigenfunctions is proved. In section 5, the
exact solution is given by using the resolvent method.

2. The Vlasov equations and Vlasov operators

This simple plasma model is described by the Vlasov equation
L @) = =0 p @) — - Lp(B0) (1)
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wherep (X, 7, t) is the single distribution function of electrons andis the force felt by a
single electron. In this paper, the system is in a constant external magnetiBdisid

F = —e¥ x Bg— ¢E @3]

-

where

PG 1)
X1

EQ, t)—e—/‘d*/d

is the electric field at positiofiand timer generated by the electron system itself. If the system
is just slightly away from an equilibrium staj@(v)

p(X, 0, 1) = nofo¥) + f (¥, v,1) ®)

whereng is the average density anfl < ng fo, then it can be described very well by the
linearized Vlasov equation, which is
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Taking the Fourier transform
fG B0 =) fi@ 0 exp(ik - 3) (5)
k=0

for thefé—component functiory; (v, r) we have
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wherew, = (4me’no/m,)"? is the plasma frequency. To simplify the notation, let us drop
the indexk and let

I&

d
n(v) = 2 _T)fO(U) (7

then equation (6) becomes

iif(a, =k D@, 0)+i~( x Bo) - if(ﬁ, 1) — n(®) / dv’ £, 1). (8)
at m, ov
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This is the equation | shall study mostly in this paper. Consequently, the corresponding linear
Vlasov operatoK is defined as

A R N
KF@ =K 5@ +i--G x By = @) - n(v)/dv F@). ©)

This is an integro-differential, unbounded and non-self-adjoint linear operator. In terhs of
equation (8) can be put into a compact form

i%f(ﬁ, 1) =Kf({,1). (10)
The equation for the case wheBg = 0 is

0 = Kof (1) a1
with

Kof @) =E-57®) ~ 0@ [ o' 1@ (12)

Integrating over the two components ©perpendicular tak, we can reduce (11) to a one-
dimensional problem

9 - o

o [0 =Kof(v,1) (13)
with

%ﬂw=Mﬂm—mw/ dv' f(). (14)

Herev is the component af along the direction of andk is the magnitude of. The bar over
functions indicates that they have been integrated over the two componeérmiemfendicular

to k. This convention is followed throughout this paper. Equation (13) has been studied
thoroughly by van Kampen, Case and many others [2,5-8].

Formally, equations (10), (11) and (13) are just the same as thé&duober equation.
However, the Hamiltonian operator appearing in the 8dimger equation is self-adjoint and
bounded from the below, whilE, Ko andk are unbounded and not self-adjoint. These are
all typical equations arising in linear evolution systems. There are many standard methods for
studying this class of linear equations. For example, equation (13) can be solved by the Laplace
transform [2,5], the resolvent method [6] and the eigenfunction expansion method [5,7]. | shall
try to use the eigenfunction expansion method and the resolvent method to solve equations
(10) and (11).

3. Eigenfunctions and eigenvalues

In this section, | shall present the eigenfunctions and spectra of opefagpis, and K.

These three operators are similar in many respects as they are supposed to be. Their spectra
are the same: continuous real eigenvalues, discrete real eigenvalues and discrete complex
eigenvalues. Since the existence of discrete real eigenvalues depends on the choice of the
equilibrium function fo(v), | shall only consider, for simplicity, the case where the discrete

real eigenvalues do not exist. Also, their eigenfunctions are similar. most of them are singular
containings functions. However, there is one major difference: the real eigenvaluks of

andX are infinitely degenerate, while the eigenvaluegfare not degenerate. This infinite
degeneracy causes the difficulty in expanding the functions in terms of these eigenfunctions
and relating these eigenfunctions with the resolvent solutions.
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3.1. The operatoky

The eigenfunctions ok, were first constructed by van Kampen [7] and then completed by
Case [5], and are now widely known as van Kampen—Case modes. Their results can be
summarized as follows.

The eigenequation for the eigenvaluis

Kog:(v) = kvg:(v) — 7(v) /Oo dv' g, (v') = 28, (v). (15)
Itis linear, so the functions can be normz;l(iéed as

foo dvg.(v) =1 (16)
When the eiger;\(;oalue is real, say, ivisthe eigenfunction is

2w =71 st - v, (17)

HereP? means the principal value integral. The normalization condition (16) requires
1n(v)

1- v

—A(=)=1-/[d . 18

P / i (18)
The discrete complex eigenvalues(j = 1, 2, ..., mo) are determined by

o) =1— / do 1 g /d 1w g (19)

oo kv—12z -z
The corresponding eigenfunction is
(v)
8/(0) = g, (0) = (20)

kv —v;

which satisfies the normalization condition (16). the eigenfunctions (17) and (20) are the
famous van Kampen—Case modes. It is clear that all the eigenvali®saoé not degenerate
when the van Kampen—Case modes are normalized according to (16).

3.2. The operatoiy

The eigenequation here is

Kog. () = Te.@ ~ 1D [ ¥ 0.8) = 0.0, (21)
As this operator is linear, we set the normalization condition
/ dig. (V) = 1. (22)
The eigenfunction corresponding to a real eigenvalise
8@ =P 10) L sE T ). (23)
The normalization condmoz (2;) requires thab) satisfy
/dvk(v)&(k vy =1— /d Pq”;”)v. (24)

Itis very clear here that there are infinitely many choices.fo) to satisfy the above condition.
For example, all the functions(v) = a(v1, v2)A(v) satisfy (24) as long as

/ dU1/ dvz a(vl, Uz) =1 (25)
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wherev; andv, are the two components af perpendicular tck. Obviously, the choices

of a(vy, v2) are uncountably infinite, which means there are infinitely many corresponding
eigenfunctions for any real eigenvalwe In other words, the degeneracy of every real
eigenvalue is uncountably infinite.

The complex eigenvalues @f, are the same aso, vi (j =1,2,...,mg), the zeros of
€0(z), whose corresponding eigenfunctions are
R - n(v)
gi(wv) = 8v; W) = =—7F". (26)

k-v—v;

3.3. The operatokC

In this case | shall present the results directly without going into the detailed calculations. The
method of computing eigenfunctions is very similar to that given in the appendix. First, let us
set up a coordinate system and introduce some notation:

Bo = Bo? k =k %+k? (27)

U =1v, COSHX + v, Sin9§7+v||2. (28)
Thus the operatot becomes

- a0 - .

Kf @) = (kv €088 +kyvy) f(9) — iwoz £ (V) — n(V) / dv' f(@)  (29)
wherewg = eBg/m, is the cyclotron frequency. The same normalization condition

/ 05 G.(5) = 1 (30)
is set for the eigenequation

KG,(¥) = zG (V). (31)

As the complex eigenvalues &, are determined byy(z) = 0, the complex eigenvalues
(j=1,2,...,m)of K are determined by(z) = 0, where

o o Janfan_ + Jn]n+an_ + 2J277H
=1+ d d . 32
6(2) szn:/o v) Au ‘/700 V) Z(Z—ma)o—kHU“) ( )

Here and after, all summations are assumed to be over all integersJ, Tdre the Bessel
functionsJ, (k, v, /wo). Two functions;y, andn;, are defined as
2 2

2k foli) ki foli) (33)
= —ki— fo(v = — k| — fo(v).
ni 2 Lavl 0 Ul 2 ”8v|| 0

Note the equilibrium state functiofy(v) has been assumed to be a functiom pndv; only,
andm, the number of the discrete complex eigenvalues, can be infinite. The eigenfunction
corresponding te; is

- k siné oo (Jper + T 2+J,
G,(3) = exp<| o ) Z e""(’( +1 ony/ m (34)
@o 2 zj —nwo = kjv

For a real eigenvalug, we have

. kv, sing —ingo (D1 + Ly /2 + Ty
G,(V) = ex <|—> e "'p
" a wo Xn: W —hwo — kjv

k sing
+ Zan(v”, Ul) eXp—i (LUL— — n9>8(,u — nwo — kHU“) (35)
n @o
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where thes, are arbitrary functions as long as they satisfy the only constraint, the normalization
condition (30). This means that there are infinitely many eigenfunct($) corresponding
to each real eigenvalue. The infinite degeneracy arises again. It is easy to check that all
these expressions reduce to thosege= 0.

We see that there are many similarities amdiig Ko and . However, there is one
important difference: the real eigenvalues@fare not degenerate, while the real eigenvalues
of both Ko andK are uncountably infinitely degenerate. As shown by Case [5], the solution of
equation (13) can be expanded in terms of the van Kampen—Case modes. In other words, we
can use the eigenfunction expansion method to solve equation (13) just as we often do to solve
the Schodinger equation. However, this method is not suitable for solving equations (10) and
(11), even though we know the eigenfunctions@fandX. Due to the infinite degeneracy,
there is no obvious way that functions can be expanded in terms of these eigenfunctions. It
is a common belief that for an initial value problem of a linear evolution system, to finding
the solution is equivalent to find the eigenfunctions and spectrum of the linear operator in this
system. Seemingly, this is not the caseXgrandX.

4. Adjoint equations and operators

Operatork is not self-adjoint, so it is interesting to know the functions orthogonal to its
eigenfunctions. For this purpose, we consider the adjoint equation to (10)

Ld ~

i fd.0 =Kf @) (36)
where the linear operatdt is defined as

- = P s ; = D 9 = =12 =/

Kfw)=k-vf@)+ Imi(v x Bo) - ﬁf(v) —/dv n@)f). (37)

The discrete complex eigenvaluesifre also determined by equation (32). Its eigenfunction
corresponding t@; is

. . kv, sing Cin Jn
G;(®) = eprL) Ze ' OZ— (38)

wo - j — nwo —kyy

while its eigenfunction corresponding to a real eigenvalus

~ k ing : Jn
G,(@) = epr&) Ze—mé?p

®o : 1 —nwo — kv
[k sing
+Z&n(v”, Ul) eXp—l(LvL— —n9>8(,u —na)o—kHv”) (39)
n C()O
where thei, are subject only to the normalization condition
/ di n(¥)G, () = 1. (40)
This means that the real eigenvaluestofire also infinitely degenerate. Therefore, we see

that the adjoint operatde has the same spectrum structure and similar eigenfunctions as the
original operatoiC. By straightforward substitution, it can be proved that

f A5 [R £ O] g () = f di £ @K )] (a1)
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where %’ represents the complex conjugate. This relation leads easily to the orthogonal relation
between the eigenfunctions Kfandk:

(F—7)) / dv G* ()G, (¥) = 0. (42)
One interesting point to note is that for the complex eigenvalues we have
/ dv G; (¥)G,,;(¥) =0 (43)

sincez} # z;. The adjoint equation to (11) can be considered as a special cake-of0;
thus no additional treatment is necessary.

5. The resolvent method

As has been pointed out in the previous sections, the conventional eigenfunction expansion
method is not suitable for solving equation (10). We therefore have to resort to other methods.
It turns out that the resolvent method is a successful choice, just as it is for the one-dimensional
equation (13) [6]. The resolvent &f is defined as

R(iz) = —— 44
@=_——% (44)
wherez is a complex variable. If the initial function i§(v, 0), then the function at timeis
- 1 i .
fv,t) = o % dze " R() f (v, 0) (45)

where the integration contour surrounds all the singularitigg(@j. For most operators, how
their resolvents act on a function can be found only approximately. In this case, the explicit
form of resolvent can be found exactly (the detailed derivation is given in the appendix). Itis

RE)f(v,0) = F(z,v) — G(z, v)% / dv f(v, 0)G*(z*, v) (46)
where
k sing oo (g + 2+J,
Gz, 3) = exp(i fiv. SN ) g Ut ® I 2
wQ T I —nwg — kHU“
- . _kJ_UJ_Sin9> _in6 Jn
G(z,v) =exp|l i ——— et "
(Z v) p( wQ Xn: Z—nwgo — k”v”
N .kLvLSiHQ im0 1
F(z,v) =expl | —— e
v) p( wo ) ; 5 z— (m+n)wo — kjv
with

£@.00=)" fulv, v)e.
Similarly, for € we have
1 . - ~ .1 I -
~ f(va 0) = F(Za U) - G(Zs U)_ f dv f('U, O)G*(Z*v 'U). (47)
z—K €(2)
As is well known, the singularities of the resolventz) give the spectrum of. It is not

hard to see from (46) that the singularitiesRfz) include the zeros of(z), the discrete real
poles,nwo + kjvy, and a branch cut along the real axis. Therefore the spectrutni®fust
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what we obtained earlier: all the real values and a set of discrete complex values determined
by €(z) = 0. Let us write down the solution explicitly by choosing a specific contour:

f@,1) = —i dze_'Z’{F(z v) — G(z, v)—/dv f@, O)G*(z*,t_)')}
27t J,

+ i dz ei“{F(z, v) — G(z, 17)— / dv £ (@, 0G*(z", T;)} (48)
2l Joo €(2)
where theC,. run parallel to the real axis and are chosen such that all the singulariti&s of
are enclosed between them. We can use the residue theorem to calculate the above integration.
If we are only interested in the solution for- 0, then two large semi-circles can be attached
from below toC.. to make two closed contour@... Since there are no singularities inside
the contourO_ the second part of the integration (48) is identical to zero. In conteast,
encloses singularities: poles, suchzasand a branch cut along the real axis. To get rid of
the troubling branch cut, we can replace the functions in the integrand with their plus analytic
continuations [3]. These plus continuations are identical to their original functions in the upper
complex half-plane but are different in the lower half-plane. They have no branch cuts but
have new poles that differ from the original poles in the lower half-plane. These new poles are
the mathematical origin of the Landau dampings [3, 4] in this plasma model.

When B, = 0, equation (48) becomes

1 - f(@,0) n(v) / - f(v 0)
——f(v,0) = ~ dv 49
—/Cof(v ) 2—k-? z—k-7 € (49)
Therefore, the solution of equation (11) is
1 N ICRY) n(v) / 4 f(v 0) }
=—— d ¢ =
f@.0 = 2mi ¢ {Z—k'ﬁ k-v €0(z)
/ dze 'L’{ f0.0 @ 1 [ f("g 9 } (50)
27T| kb z—k-7 €@ z—k-v

After the integration over the two componentsigferpendicular td, the above eguation can
be reduced to one-dimensional form:

2o 1 f@.0  qe 1 f(@,0
Fl.t) = 2ri d {z—kv 7 — kv €0(2) dvz—kv}
1 L[ @0 a1 [, 0)
+ﬁ e {z—kv Z—kv €(2) d z—kv} (1)

which is the solution of equation (13).

Itis important to note here that the eigenfunctign@) of Ko can be constructed throughiits
resolvent solution (51). The method was demonstrated clearly in [6]: the cantasdivided
into two parts, small circles surrounding the poles and two straight lines approaching to the real
axis from both above and below. The first part straightforwardly gives the eigenfungtions
corresponding to the complex eigenvalues. The second part leads to the real eigenfunctions
gv(v). Forthe operators, andk, their complex eigenfunctions (v) andG ; (v) can easily be
constructed in a similar manner through their resolvent solutions (48) and (50), respectively.
However, straightforward calculation immediately demonstrates the technical difficulties in
constructing the real eigenfunctiops(v) andG, (v) from (48) and (50) in like manner. It is
not worth dwelling on the technical difficulties, which involve very complicated calculations
and formulae, since one may argue that there may be another method by which these difficulties
could be circumvented. Let us focus on the underlying reason, namely the uncountably infinite
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degeneracy. Usually, the eigenfunctions of a linear operator can be labelled exactly either by
a set of real numbers or integers or both. For the operatgrand K, | still labelled their
eigenfunctions by real numbers and integers. However, the labelling is not exact since there are
an infinite number of eigenfunctions for each real number. It certainly requires the introduction
of non-trivial measure and other concepts in functional analysis to expand any function in the
vector space expanded by the eigenfunctign&@) or G, (v). All of this is unlikely to be
achieved by some clever algebraic manipulations with (48) and (50).

6. Conclusion

In summary, | have studied the linearized Vlasov equation of plasma in a constant external
magnetic fieldB, and found its exact solution by the resolvent method. The corresponding
linear Vlasov operatok has also been discussed and its eigenfunctions found. The spectrum
of this unbounded operator has two parts: continuous real eigenvalues and discrete complex
eigenvalues. This is very similar to the spectruniigf the one-dimensional linear operator
derived from the linearized Vlasov equation without external fields [5, 7]. However, there

is a striking new feature fok in that the real eigenvalues &f are uncountably infinitely
degenerate. This new feature leads to the difficulty in expanding the functions in terms of the
eigenfunctions oK.
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Appendix

In this appendix | give the detailed derivation leading to (46). The eigenfunctiiig)

and G, (v) can be found in a similar way. The method is called the integration along the
characteristic curves [9] or the integration along the ‘unperturbed orbits’ [4]. In the following
calculations, it is assumed that tm> 0. To make the formulae compact, let us use the
notation:

F=z-Kf®) (A1)
E = explik - X — izt). (A2)
It is easy to verify with the aid of (9) that
[iim.i—ii(axEO).i](fE):FE_En/f (A3)
ot 0x me ov

wheren = (@), f = f(¥) and the non-specified integration is over the velocity. Along the
‘unperturbed orbit’, i.e. the orbit in the phase space of one electron moving in a magnetic field

Bo, we have
d 3+_> 0 e(_, g)
_ = — U'T——UX .
dr ot ox  m, 0

Then equation (A3) becomes

(A4)

[o1)
S

i%(fE) =FE —nE / f. (A5)
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Integrating this, we get

if:f dr' FFE'E™! - (/t dr’ n’E’E1>/f (AB)

where the primed functions mean the functions of primed variables. Note that in the above
integration over timeg the fact Imz > 0 has been used to choosec as the lower limit.
A further integration with respect to velocity gives

[fl dt' FFEE™
[r=22 . (A7)
i+ [ di'nEE
Plugging this back into (A6), we have
! J ' d F'E'E!
(z—K)F = —i/ dr’ F’E’E‘l+/ di’ W E'E~1- ff*“; ) (A8)
—00 —o0 i+ [ d/nE'EL

Adopting the coordinate system and notation in (27) and (28), we write out (A8) explicitly:

R(2) f(0) = —i /OO dr f (v, vi. 6 — wor)e @
0

S 5[ _ —i¢ (1)
+/ dr 77(T),)(_:‘iiqb(f)fdv Jo -dr ]i(v“o,ovl,@ - a)0.t)e (A9)
0 1—ifdv [y drn@)ei¢®
where
6(0) = L (5ing — sin@ — wor)) + (kv — 2)T (A10)
0
n(0') = nycogl — wor) + 7). (A11)

The case Im < 0 can be dealt with similarly, which also leads to (A9). The step from (A9)
to (46) is direct integration with respect tausing Bessel functions.
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