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Ehrenfest Time at the Transition from Integrable Motion to Chaotic Motion
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Ehrenfest time depends differently on the Planck constant in integrable motion and chaotic motion. We study
how its dependence on the Planck constant changes when there is a continuous transition from regular motion
to chaotic motion. We find that the dependence is a weighted compromise between its two distinct dependences
in regular and chaotic motions. The study is carried out with the system of periodically driven anharmonic
oscillator. As the system is quite typical, the result may apply generally.
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When a well-localized wave packet of a single par-
ticle moves in a smoothly varying potential, the center
of the wave packet will follow the classical dynamics
for a period of time. This time scale is called Ehrenfest
time.l') Ehrenfest time has been studied extensively
and systematically.” '] It is found that for the inte-
grable system (or motion) Ehrenfest time is inversely
proportional to the square root of the Planck constant
7l'?~ ') and for the chaotic system (or motion) Ehren-
fest time is proportional to In A=1.>~ 7191 According to
the KAM theorem,!'! the transition from regular mo-
tion to chaotic motion in classical dynamics is grad-
ual. Therefore, it is interesting to know how the de-
pendence of Ehrenfest time on the Planck constant
changes at the transition from integrable motion to
chaotic motion.

We study how Ehrenfest time changes its depen-
dence on the Planck constant when regular motion
gradually switches to chaotic motion. We find that
at this kind of transition the Ehrenfest time is a mix-
ture of that of integrable dynamics and chaotic dy-
namics. This mixture is determined by how much
the initial wave packet occupies an integrable region
and how much it occupies in a chaotic region. Our
study is carried out with a one-dimensional, period-
ically driven anharmonic oscillator, but the methods
and conclusions can be easily applied to other models
with chaotic dynamics.

Anharmonic Oscillator with Periodic Driving. In
this work, we focus on a one-dimensional anharmonic
oscillator with periodic driving. By varying the sys-
tem parameters, in particular, the driving strength,
we can change the system’s dynamical behavior from
integrable to chaotic. The system Hamiltonian is

»?

1
H= % + §m0w3$2 + D(ﬂ4 + Axsin (Wt)v (1)

where mg is the mass of the particle, ¢ is the time,
and wq is the frequency of the system without driv-
ing and anharmonicity. Our Hamiltonian is similar
to the one used in Ref.[15], but the coefficient D of
the quadratic term here is positive so that its poten-
tial is not a double-well. Without the driving item
(A = 0), the system is totally integrable and has
been studied in Ref.[14]. With appropriate param-
eters, the system has both chaotic and integrable dy-
namics, and the relative proportion of chaotic regions
and integrable regions in the phase space can be ad-
justed by parameters such as driving strength A and
driving frequency w. To numerically investigate the
quantum and classical dynamics of this system, we
set the Planck constant in the Schrédinger equation as
h = ﬁhg, where hyg is the usual Planck constant and the
dimensionless constant h can be varied to study the
semi-classical limit. For the convenience of numerical
calculation, we make all the parameters dimensionless
in this manuscript. We use y/ho/(mowp) as the unit
of length, v/Aigmowy as the unit of momentum, Agwg
as the unit of energy, and 1/wp as the unit of time.
All of our numerical results in the manuscript are car-
ried out in this dimensionless system. Without loss of
generality, we choose the following set of parameters:
ho=1,mo=1wy=1w=21 D =18 A=0.5,
for which the classical phase space has both chaotic
and integrable regions (see Fig.1).

A typical classical Poincaré section of our anhar-
monic oscillator is shown in Fig. 1. It contains mainly
four regions. There are one chaotic region E, and
three integrable regions F', G, K. Chaotic region E is
between two integrable regions F' and K.

In our following study, we will examine three differ-
ent dynamics, single particle classical dynamics, clas-
sical ensemble-dynamics, and quantum wave packet
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dynamics, and compare them to extract Ehrenfest
time and quantum time. For a single particle clas-
sical initial condition (xg,pg), we construct the fol-
lowing Gaussian wave packet as the initial state for
the quantum dynamics,

B 1 (r —0)?  ipo(r — w0)
’L/J(:E) = 7(27‘(0—3)1/4 exp{ — 40-%0 0 ﬁ 0 }7
(2)

where o, is the width of the initial wave packet. We
use the Wigner function of the above Gaussian wave
packet as the initial distribution for a classical ensem-
ble dynamics,

1 (z — x0)? (P—po)Q}
c\Ly =z - - » @
pe(x,p) — exp{ 507 202 (3)
where o, and o, are the widths of the initial classical
ensemble in phase space.
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Fig. 1. Classical Poincaré section of our anharmonic oscil-
lator with periodic driving. It is divided into four regions
labeled by E, F, G, K.

We are interested in the position of the classical
particle [z.(t)], the averaged position of the classical
ensemble that contains 10° particles [Z.(t)], and the
expectation value of x of corresponding quantum wave
packet [(z4(t))]. One example is shown in Fig.2. We
find that the expectation value Z.(t) matches with
the single particle position x.(t) for a short period
and then start to diverge. In contrast, the classical
ensemble expectation value Z.(t) matches with the
quantum wave packet (z,(¢)) for much longer time
as shown in Figs.2(a) and 2(b). The shorter time is
Ehrenfest time, beyond which the correspondence of a
classical particle and the quantum wave packet breaks
down as the quantum wave packet spreads over time
and the potential function varies dramatically within
the wave packet range. The longer time is the quan-
tum time, beyond which the correspondence between
quantum dynamics and classical ensemble dynamics
breaks down and quantum phenomena appear, such
as quantum tunneling, quantum revival, dynamical
localization.['*' 72l The dynamics beyond quantum

time in this model is quite complicated and will be ad-
dressed in a future publication. In this work we focus
on Ehrenfest time.

(a) — Quantum
Classical
Ensemble

(b) — Quantum
Classical
Ensemble
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Fig. 2. (a) The time evolutions of a classical particle
zc(t), its corresponding classical ensemble average Ze(t),
and the corresponding quantum expectation value (x4(t))
in integrable region F' under the initial condition zo = 0.46
and po = 1.62; h = 0.02. (b) The time evolutions of a
classical particle z.(t), its corresponding classical ensem-
ble average Z.(t), and the corresponding quantum expec-
tation value (z4(t)) in chaotic region E under the initial
condition zg = 0.47, pg = 1.74.h = 0.02.

FEhrenfest Times for Integrable Motion and
Chaotic Motion. Ehrenfest time has been studied
extensively.l” "'l Tt is now well known that for the
integrable systems Ehrenfest time is inversely propor-
tional to the square root of Al'>~ " and for the chaotic
model Ehrenfest time is proportional to In #0717
Our model allows us to study Ehrenfest time for both
integrable case and chaotic case within one system as
its Poincaré section contains both integrable region
and chaotic region. More importantly, it allows us
to study how Ehrenfest time depends on the Planck
constant at the transition from integrable motion to
chaotic motion.

We first study Ehrenfest time for integrable mo-
tion and chaotic motion. For this purpose, we pick
one initial condition in the integrable region of the
Poincaré section and the other initial condition in the
chaotic region. To extract Ehrenfest time from numer-
ical results, we plot the relative difference r between
extreme values of z.(t) and Z.(t), which is defined as
r= M, as a function of time as'shown in Fig. 3.
These evolution curves fit with an exponential func-
tion r = c¢(e?~'1) after neglecting some big-error
points caused by small denominators and mismatches
between extreme values of z.(t) and z.(t). Here ¢
is a constant and we take ¢ = 10™% in this function.
The Ehrenfest time is obtained as 7, = 1/7. The re-
lation between Ehrenfest time and reciprocal of £ is
illustrated in Fig.4. For the integrable motion, the
Ehrenfest time is 7. oc Ai~1/2; for the chaotic motion,
the Ehrenfest time is logarithmic, 7. oc Inh~'. These
results are consistent with previous works.[* 71012~ 14]
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Fig. 3. The relative difference r between the classical
position z.(t) and its corresponding ensemble expectation
Ze(t) as a function of time for different Planck constants h:
(a) integrable motions (zo = 0.46, po = 1.62), (b) chaotic
motions (zg = 0.47, po = 1.74). Results are fitted by the
function r = 10~4(e* — 1), as indicated by solid lines.
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Fig. 4. Relationships between Ehrenfest time 7. and 1/ﬁ
Integrable Ehrenfest time is fitted by 7. = 0.03522~1/2 +
3.45, (zg = 0.46, po = 1.62). Chaotic Ehrenfest time is
fitted by 7e = 0.119In /it +3.16 (zo = 0.47, pg = 1.74).

Transition from Integrable to Chaotic Motion. Al-
though there are only integrable and chaotic motions
for classical single particles, there is another motion in
addition to integrable and chaotic motion for quantum
wave packets. That is the evolution of a wave packet
in a region of transition from integrable to chaotic.
From previous results, we know that Ehrenfest time
for chaotic system is logarithmic, 7, oc In ™!, distinct
from that of integrable system, which is 7, oc h~/2. Tt
is interesting to know how Ehrenfest time depends on
the Planck constant at the transition from integrable
to chaotic motion.

We pick two points A and B near the boundary of
integrable and chaotic regions in the Poincaré section
[see Fig.5(a)]. A is in the integrable region and B is
in the chaotic region. We then numerically calculate
Ehrenfest time of the wave packets initially centered
around these two points A and B for different Planck

constants . When 7 is small, these two wave pack-

ets are separated by the boundary of integrable and
chaotic regions. As A becomes larger, the two wave
packets partially overleap in the phase space as shown
in Fig. 5(a). The relationship between Ehrenfest time
and £ is plotted in Fig. 5(b), where numerical results
are represented by hollow and solid dots with hollow
for A and solid for B. The curves represent the fitting
of the chaotic and integrable systems using the first
four data with large A~*/2. The numerical data for
small h~1/2 are found between the two curves.
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Fig. 5. (a) Two points A (xg = 0.4664, po = 1.697) and
B (zo = 0.4614, po = 1.637), separated by the boundary
of integrable-chaotic regions in the Poincaré section. They
are indicated with blue solid dots. There are two red cir-
cles around each point: the small one indicates the size
of wave packets with i = 0.001, and the large one indi-
cates the size of wave packet with i = 0.05. (b) Ehren-
fest time as a function of 7~1/2. Numerical results are
shown by hollow and solid dots. Four hollow or solid dots
with largest i=1/2 are used for fitting each curve. Ehren-
fest time of integrable motion is fitted by the function
Te = 0.02727~1/243.78, and Ehrenfest time of chaotic dy-
namics is fitted by the function 7. = 0.0879 Ini~1 + 3.39.

The above numerical results are mot hard to ex-
plain. When 72~ 1/2 is large (A is small), the wave pack-
ets are well localized in either the integrable region or
chaotic region. It means that the wave packet dynam-
ics is either integrable or chaotic. When h~1/2 is small
(A is large), the wave packets become wider, overlap-
ping with both integrable and chaotic regions. In this
case, the wave packet consists of two parts: one part
propagates largely according to the integrable dynam-
ics 'and the other part largely propagates according to
the chaotic dynamics. The overall result is a mix-
ture of integrable motion and chaotic motion. Since

030502-3


http://cpl.iphy.ac.cn

CHIN.PHYS.LETT. Vol.38, No.3(2021) 030502

the wave packet expands more effectively during the
chaotic motion, the data points with large A for both
A and B lie closer to the fitting curve for the chaotic
motion.
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Fig. 6. As the driving strength A increases, the classical
dynamics of the initial condition (z¢o = 0.4614, po = 1.637)
changes from integrable to chaotic. (a) A = 0.10, (b)
A =0.28, (c) A=0.36 and (d) A =0.50. The red circles
indicate the size of wave packets with i = 0.001.
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Fig. 7. Relationships between Ehrenfest time 7. and l/f:z
for the point shown in Fig.6 (zg = 0.4614, pp = 1.637),
with three different driven strengths A = 0.28, A = 0.36
and A = 0.50. Ehrenfest time for A = 0.28 is fitted by the
function . = 0.0460h~1/2 + 4.50, and Ehrenfest time of
A = 0.50 is fitted by the function 7. = 0.08791n A~ 1 +3.39.
The dashed line for A = 0.36 indicates the trend of data.
We consider a situation shown in Fig.6. In this
case, the location of the initial wave packet, marked
by the red circle in the figure, in the phase space does
not change but the driving strength A is changing.
When A is small, the classical dynamics of the an-
harmonic oscillator is mostly integrable and the ini-
tial wave packet lies entirely in the integrable region
of the phase space. As A increases, the system gradu-
ally becomes more chaotic as evident from its Poincaré
section. As a result, the initial wave packet begins to
have some overlap with the chaotic region. When A is
large enough, the initial wave packet lies completely in
the chaotic region. Figure 7 shows the gradual evolu-

tion of Ehrenfest time during this process. When the
wave packet is mainly located in the integrable region
(A = 0.28), Ehrenfest time is large and is inversely
proportional to the square root of h, 7. oc A~ 1/2.
When the wave packet is located in the chaotic re-
gion (A = 0.50), Ehrenfest time becomes smaller and
logarithmic, 7, o< InAi~1. For the intermediate pro-
cess (A = 0.36), Ehrenfest time is between those of
integrable motion and chaotic motion. As the mo-
tion of the wave packet changes from integrable to
chaotic, Ehrenfest time becomes smaller. According
to the above analysis, we can conclude that the de-
pendence of Ehrenfest time on the Planck constant
should change gradually with A.

In summary, we have studied the Ehrenfest time
of an anharmonic oscillator, in particular, its depen-
dence on the Planck constant at the transition from
integrable motion to chaotic motion. We have found
that at the transition the dependence is a mixture of
integrable and chaotic motions. Although our study is
carried out with a particular system, an anharmonic
periodically driven oscillator, the same conclusion is
expected to be drawn in other chaotic dynamical sys-
tems, as a result of typical structure of the phase
space. Ehrenfest time of an initial well-localized wave
packet depends not only on the Planck constant but
also on its location when the system is not fully inte-
grable or chaotic.

We thank Chao Yin for helpful discussion.
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