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Ehrenfest time depends differently on the Planck constant in integrable motion and chaotic motion. We study
how its dependence on the Planck constant changes when there is a continuous transition from regular motion
to chaotic motion. We find that the dependence is a weighted compromise between its two distinct dependences
in regular and chaotic motions. The study is carried out with the system of periodically driven anharmonic
oscillator. As the system is quite typical, the result may apply generally.
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When a well-localized wave packet of a single par-
ticle moves in a smoothly varying potential, the center
of the wave packet will follow the classical dynamics
for a period of time. This time scale is called Ehrenfest
time.[1] Ehrenfest time has been studied extensively
and systematically.[2−11] It is found that for the inte-
grable system (or motion) Ehrenfest time is inversely
proportional to the square root of the Planck constant
~[12−14] and for the chaotic system (or motion) Ehren-
fest time is proportional to ln ~−1.[5−7,15] According to
the KAM theorem,[16] the transition from regular mo-
tion to chaotic motion in classical dynamics is grad-
ual. Therefore, it is interesting to know how the de-
pendence of Ehrenfest time on the Planck constant
changes at the transition from integrable motion to
chaotic motion.

We study how Ehrenfest time changes its depen-
dence on the Planck constant when regular motion
gradually switches to chaotic motion. We find that
at this kind of transition the Ehrenfest time is a mix-
ture of that of integrable dynamics and chaotic dy-
namics. This mixture is determined by how much
the initial wave packet occupies an integrable region
and how much it occupies in a chaotic region. Our
study is carried out with a one-dimensional, period-
ically driven anharmonic oscillator, but the methods
and conclusions can be easily applied to other models
with chaotic dynamics.

Anharmonic Oscillator with Periodic Driving. In
this work, we focus on a one-dimensional anharmonic
oscillator with periodic driving. By varying the sys-
tem parameters, in particular, the driving strength,
we can change the system’s dynamical behavior from
integrable to chaotic. The system Hamiltonian is

𝐻 =
𝑝2

2𝑚0
+

1

2
𝑚0𝜔

2
0𝑥

2 +𝐷𝑥4 +𝐴𝑥 sin (𝜔𝑡), (1)

where 𝑚0 is the mass of the particle, 𝑡 is the time,
and 𝜔0 is the frequency of the system without driv-
ing and anharmonicity. Our Hamiltonian is similar
to the one used in Ref. [15], but the coefficient 𝐷 of
the quadratic term here is positive so that its poten-
tial is not a double-well. Without the driving item
(𝐴 = 0), the system is totally integrable and has
been studied in Ref. [14]. With appropriate param-
eters, the system has both chaotic and integrable dy-
namics, and the relative proportion of chaotic regions
and integrable regions in the phase space can be ad-
justed by parameters such as driving strength 𝐴 and
driving frequency 𝜔. To numerically investigate the
quantum and classical dynamics of this system, we
set the Planck constant in the Schrödinger equation as
~ = ~̃~0, where ~0 is the usual Planck constant and the
dimensionless constant ~̃ can be varied to study the
semi-classical limit. For the convenience of numerical
calculation, we make all the parameters dimensionless
in this manuscript. We use

√︀
~0/(𝑚0𝜔0) as the unit

of length,
√
~0𝑚0𝜔0 as the unit of momentum, ~0𝜔0

as the unit of energy, and 1/𝜔0 as the unit of time.
All of our numerical results in the manuscript are car-
ried out in this dimensionless system. Without loss of
generality, we choose the following set of parameters:
~0 = 1, 𝑚0 = 1, 𝜔0 = 1, 𝜔 = 2.1, 𝐷 = 1.8, 𝐴 = 0.5,
for which the classical phase space has both chaotic
and integrable regions (see Fig. 1).

A typical classical Poincaré section of our anhar-
monic oscillator is shown in Fig. 1. It contains mainly
four regions. There are one chaotic region 𝐸, and
three integrable regions 𝐹 , 𝐺, 𝐾. Chaotic region E is
between two integrable regions 𝐹 and 𝐾.

In our following study, we will examine three differ-
ent dynamics, single particle classical dynamics, clas-
sical ensemble dynamics, and quantum wave packet
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dynamics, and compare them to extract Ehrenfest
time and quantum time. For a single particle clas-
sical initial condition (𝑥0, 𝑝0), we construct the fol-
lowing Gaussian wave packet as the initial state for
the quantum dynamics,

𝜓(𝑥) =
1

(2𝜋𝜎2
𝑥)1/4

exp
{︁
− (𝑥− 𝑥0)2

4𝜎2
𝑥

+
𝑖𝑝0(𝑥− 𝑥0)

~̃

}︁
,

(2)
where 𝜎𝑥 is the width of the initial wave packet. We
use the Wigner function of the above Gaussian wave
packet as the initial distribution for a classical ensem-
ble dynamics,

𝜌𝑐(𝑥, 𝑝) =
1

𝜋~̃
exp

{︁
− (𝑥− 𝑥0)2

2𝜎2
𝑥

− (𝑝− 𝑝0)2

2𝜎2
𝑝

}︁
, (3)

where 𝜎𝑥 and 𝜎𝑝 are the widths of the initial classical
ensemble in phase space.
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Fig. 1. Classical Poincaré section of our anharmonic oscil-
lator with periodic driving. It is divided into four regions
labeled by 𝐸, 𝐹 , 𝐺, 𝐾.

We are interested in the position of the classical
particle [𝑥𝑐(𝑡)], the averaged position of the classical
ensemble that contains 105 particles [𝑥̄𝑒(𝑡)], and the
expectation value of 𝑥 of corresponding quantum wave
packet [⟨𝑥𝑞(𝑡)⟩]. One example is shown in Fig. 2. We
find that the expectation value 𝑥̄𝑒(𝑡) matches with
the single particle position 𝑥𝑐(𝑡) for a short period
and then start to diverge. In contrast, the classical
ensemble expectation value 𝑥̄𝑒(𝑡) matches with the
quantum wave packet ⟨𝑥𝑞(𝑡)⟩ for much longer time
as shown in Figs. 2(a) and 2(b). The shorter time is
Ehrenfest time, beyond which the correspondence of a
classical particle and the quantum wave packet breaks
down as the quantum wave packet spreads over time
and the potential function varies dramatically within
the wave packet range. The longer time is the quan-
tum time, beyond which the correspondence between
quantum dynamics and classical ensemble dynamics
breaks down and quantum phenomena appear, such
as quantum tunneling, quantum revival, dynamical
localization.[14,17−20] The dynamics beyond quantum

time in this model is quite complicated and will be ad-
dressed in a future publication. In this work we focus
on Ehrenfest time.
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Fig. 2. (a) The time evolutions of a classical particle
𝑥𝑐(𝑡), its corresponding classical ensemble average 𝑥̄𝑒(𝑡),
and the corresponding quantum expectation value ⟨𝑥𝑞(𝑡)⟩
in integrable region 𝐹 under the initial condition 𝑥0 = 0.46
and 𝑝0 = 1.62; ~̃ = 0.02. (b) The time evolutions of a
classical particle 𝑥𝑐(𝑡), its corresponding classical ensem-
ble average 𝑥̄𝑒(𝑡), and the corresponding quantum expec-
tation value ⟨𝑥𝑞(𝑡)⟩ in chaotic region 𝐸 under the initial
condition 𝑥0 = 0.47, 𝑝0 = 1.74.~̃ = 0.02.

Ehrenfest Times for Integrable Motion and
Chaotic Motion. Ehrenfest time has been studied
extensively.[2−11] It is now well known that for the
integrable systems Ehrenfest time is inversely propor-
tional to the square root of ~[12−14] and for the chaotic
model Ehrenfest time is proportional to ln ~−1.[5−7,15]

Our model allows us to study Ehrenfest time for both
integrable case and chaotic case within one system as
its Poincaré section contains both integrable region
and chaotic region. More importantly, it allows us
to study how Ehrenfest time depends on the Planck
constant at the transition from integrable motion to
chaotic motion.

We first study Ehrenfest time for integrable mo-
tion and chaotic motion. For this purpose, we pick
one initial condition in the integrable region of the
Poincaré section and the other initial condition in the
chaotic region. To extract Ehrenfest time from numer-
ical results, we plot the relative difference 𝑟 between
extreme values of 𝑥𝑐(𝑡) and 𝑥̄𝑒(𝑡), which is defined as
𝑟 ≡ |𝑥𝑐−𝑥̄𝑒|

𝑥𝑐
, as a function of time as shown in Fig. 3.

These evolution curves fit with an exponential func-
tion 𝑟 = 𝑐(𝑒𝛾𝑡 − 1) after neglecting some big-error
points caused by small denominators and mismatches
between extreme values of 𝑥𝑐(𝑡) and 𝑥̄𝑒(𝑡). Here 𝑐
is a constant and we take 𝑐 = 10−4 in this function.
The Ehrenfest time is obtained as 𝜏𝑒 = 1/𝛾. The re-
lation between Ehrenfest time and reciprocal of ~̃ is
illustrated in Fig. 4. For the integrable motion, the
Ehrenfest time is 𝜏𝑒 ∝ ~̃−1/2; for the chaotic motion,
the Ehrenfest time is logarithmic, 𝜏𝑒 ∝ ln ~̃−1. These
results are consistent with previous works.[4,7,10,12−14]
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Fig. 3. The relative difference 𝑟 between the classical
position 𝑥𝑐(𝑡) and its corresponding ensemble expectation
𝑥̄𝑒(𝑡) as a function of time for different Planck constants ~̃:
(a) integrable motions (𝑥0 = 0.46, 𝑝0 = 1.62), (b) chaotic
motions (𝑥0 = 0.47, 𝑝0 = 1.74). Results are fitted by the
function 𝑟 = 10−4(𝑒𝛾𝑡 − 1), as indicated by solid lines.
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Fig. 4. Relationships between Ehrenfest time 𝜏𝑒 and 1/~̃.
Integrable Ehrenfest time is fitted by 𝜏𝑒 = 0.0352~̃−1/2 +
3.45, (𝑥0 = 0.46, 𝑝0 = 1.62). Chaotic Ehrenfest time is
fitted by 𝜏𝑒 = 0.119 ln ~̃−1 + 3.16 (𝑥0 = 0.47, 𝑝0 = 1.74).

Transition from Integrable to Chaotic Motion. Al-
though there are only integrable and chaotic motions
for classical single particles, there is another motion in
addition to integrable and chaotic motion for quantum
wave packets. That is the evolution of a wave packet
in a region of transition from integrable to chaotic.
From previous results, we know that Ehrenfest time
for chaotic system is logarithmic, 𝜏𝑒 ∝ ln ~−1, distinct
from that of integrable system, which is 𝜏𝑒 ∝ ~−1/2. It
is interesting to know how Ehrenfest time depends on
the Planck constant at the transition from integrable
to chaotic motion.

We pick two points 𝐴 and 𝐵 near the boundary of
integrable and chaotic regions in the Poincaré section
[see Fig. 5(a)]. 𝐴 is in the integrable region and 𝐵 is
in the chaotic region. We then numerically calculate
Ehrenfest time of the wave packets initially centered
around these two points 𝐴 and 𝐵 for different Planck
constants ~̃. When ~̃ is small, these two wave pack-

ets are separated by the boundary of integrable and
chaotic regions. As ~̃ becomes larger, the two wave
packets partially overleap in the phase space as shown
in Fig. 5(a). The relationship between Ehrenfest time
and ~̃ is plotted in Fig. 5(b), where numerical results
are represented by hollow and solid dots with hollow
for 𝐴 and solid for 𝐵. The curves represent the fitting
of the chaotic and integrable systems using the first
four data with large ~̃−1/2. The numerical data for
small ~̃−1/2 are found between the two curves.
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Fig. 5. (a) Two points 𝐴 (𝑥0 = 0.4664, 𝑝0 = 1.697) and
𝐵 (𝑥0 = 0.4614, 𝑝0 = 1.637), separated by the boundary
of integrable-chaotic regions in the Poincaré section. They
are indicated with blue solid dots. There are two red cir-
cles around each point: the small one indicates the size
of wave packets with ~̃ = 0.001, and the large one indi-
cates the size of wave packet with ~̃ = 0.05. (b) Ehren-
fest time as a function of ~̃−1/2. Numerical results are
shown by hollow and solid dots. Four hollow or solid dots
with largest ~̃−1/2 are used for fitting each curve. Ehren-
fest time of integrable motion is fitted by the function
𝜏𝑒 = 0.0272~̃−1/2+3.78, and Ehrenfest time of chaotic dy-
namics is fitted by the function 𝜏𝑒 = 0.0879 ln ~̃−1 + 3.39.

The above numerical results are not hard to ex-
plain. When ~̃−1/2 is large (~̃ is small), the wave pack-
ets are well localized in either the integrable region or
chaotic region. It means that the wave packet dynam-
ics is either integrable or chaotic. When ~̃−1/2 is small
(~̃ is large), the wave packets become wider, overlap-
ping with both integrable and chaotic regions. In this
case, the wave packet consists of two parts: one part
propagates largely according to the integrable dynam-
ics and the other part largely propagates according to
the chaotic dynamics. The overall result is a mix-
ture of integrable motion and chaotic motion. Since
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the wave packet expands more effectively during the
chaotic motion, the data points with large ~̃ for both
𝐴 and 𝐵 lie closer to the fitting curve for the chaotic
motion.
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Fig. 6. As the driving strength 𝐴 increases, the classical
dynamics of the initial condition (𝑥0 = 0.4614, 𝑝0 = 1.637)
changes from integrable to chaotic. (a) 𝐴 = 0.10, (b)
𝐴 = 0.28, (c) 𝐴 = 0.36 and (d) 𝐴 = 0.50. The red circles
indicate the size of wave packets with ~̃ = 0.001.
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Fig. 7. Relationships between Ehrenfest time 𝜏𝑒 and 1/~̃
for the point shown in Fig. 6 (𝑥0 = 0.4614, 𝑝0 = 1.637),
with three different driven strengths 𝐴 = 0.28, 𝐴 = 0.36
and 𝐴 = 0.50. Ehrenfest time for 𝐴 = 0.28 is fitted by the
function 𝜏𝑒 = 0.0460~̃−1/2 + 4.50, and Ehrenfest time of
𝐴 = 0.50 is fitted by the function 𝜏𝑒 = 0.0879 ln ~̃−1+3.39.
The dashed line for 𝐴 = 0.36 indicates the trend of data.

We consider a situation shown in Fig. 6. In this
case, the location of the initial wave packet, marked
by the red circle in the figure, in the phase space does
not change but the driving strength 𝐴 is changing.
When 𝐴 is small, the classical dynamics of the an-
harmonic oscillator is mostly integrable and the ini-
tial wave packet lies entirely in the integrable region
of the phase space. As 𝐴 increases, the system gradu-
ally becomes more chaotic as evident from its Poincaré
section. As a result, the initial wave packet begins to
have some overlap with the chaotic region. When 𝐴 is
large enough, the initial wave packet lies completely in
the chaotic region. Figure 7 shows the gradual evolu-

tion of Ehrenfest time during this process. When the
wave packet is mainly located in the integrable region
(𝐴 = 0.28), Ehrenfest time is large and is inversely
proportional to the square root of ~, 𝜏𝑒 ∝ ~̃−1/2.
When the wave packet is located in the chaotic re-
gion (𝐴 = 0.50), Ehrenfest time becomes smaller and
logarithmic, 𝜏𝑒 ∝ ln ~̃−1. For the intermediate pro-
cess (𝐴 = 0.36), Ehrenfest time is between those of
integrable motion and chaotic motion. As the mo-
tion of the wave packet changes from integrable to
chaotic, Ehrenfest time becomes smaller. According
to the above analysis, we can conclude that the de-
pendence of Ehrenfest time on the Planck constant
should change gradually with 𝐴.

In summary, we have studied the Ehrenfest time
of an anharmonic oscillator, in particular, its depen-
dence on the Planck constant at the transition from
integrable motion to chaotic motion. We have found
that at the transition the dependence is a mixture of
integrable and chaotic motions. Although our study is
carried out with a particular system, an anharmonic
periodically driven oscillator, the same conclusion is
expected to be drawn in other chaotic dynamical sys-
tems, as a result of typical structure of the phase
space. Ehrenfest time of an initial well-localized wave
packet depends not only on the Planck constant but
also on its location when the system is not fully inte-
grable or chaotic.

We thank Chao Yin for helpful discussion.
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and Uwe Rau

CONDENSED MATTER: ELECTRONIC STRUCTURE, ELECTRICAL,
MAGNETIC, AND OPTICAL PROPERTIES

037401 Superconductivity and Charge Density Wave in Iodine-Doped CuIr2Te4

Mebrouka Boubeche, Jia Yu, Li Chushan, Wang Huichao, Lingyong Zeng, Yiyi He, Xiaopeng Wang,
Wanzhen Su, Meng Wang, Dao-Xin Yao, Zhijun Wang, and Huixia Luo

http://cpl.iphy.ac.cn
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/030301
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/030302
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/030303
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/030304
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/030501
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/030502
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/032301
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/034101
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/034201
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/035201
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/035202
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/036201
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/036301
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/037401


037402 Gate Tunable Supercurrent in Josephson Junctions Based on Bi2Te3 Topological Insulator
Thin Films
Wei-Xiong Wu, Yang Feng, Yun-He Bai, Yu-Ying Jiang,Zong-Wei Gao, Yuan-Zhao Li, Jian-Li Luan,
Heng-An Zhou, Wan-Jun Jiang, Xiao Feng, Jin-Song Zhang, Hao Zhang, Ke He, Xu-Cun Ma, Qi-Kun Xue,
and Ya-Yu Wang

037403 Superconductivity and Normal-State Properties of Kagome Metal RbV3Sb5 Single Crystals
Qiangwei Yin, Zhijun Tu, Chunsheng Gong, Yang Fu, Shaohua Yan, and Hechang Lei

037501 Exotic Dielectric Behaviors Induced by Pseudo-Spin Texture in Magnetic Twisted
Bilayer Express Letter
Yu-Hao Shen, Wen-Yi Tong, He Hu, Jun-Ding Zheng, and Chun-Gang Duan

037701 Observation of Ferroelastic and Ferroelectric Domains in AgNbO3 Single Crystal
Wei Zhao, Zhengqian Fu, Jianming Deng, Song Li, Yifeng Han, Man-Rong Li, Xueyun Wang,
and Jiawang Hong

CROSS-DISCIPLINARY PHYSICS AND RELATED AREAS OF SCIENCE AND
TECHNOLOGY

038101 Phase Stability and Hydroxyl Vibration of Brucite Mg(OH)2 at High Pressure and High
Temperature
Wei-Bin Gui, Chao-Shuai Zhao, and Jin Liu

038102 Au Films Composed of Nanoparticles Fabricated on Liquid Surfaces for SERS
Xunheng Ye, Jiawei Shen, Xiangming Tao, Gaoxiang Ye, and Bo Yang

038701 A Linear Frequency Principle Model to Understand the Absence of Overfitting in Neural
Networks
Yaoyu Zhang, Tao Luo, Zheng Ma, and Zhi-Qin John Xu

GEOPHYSICS, ASTRONOMY, AND ASTROPHYSICS

039801 Klein–Nishina Effect and the Cosmic Ray Electron Spectrum Express Letter
Kun Fang, Xiao-Jun Bi, Su-Jie Lin, and Qiang Yuan

ERRATA AND OTHER CORRECTIONS

039901 Erratum: A Ubiquitous Thermal Conductivity Formula for Liquids, Polymer Glass, and
Amorphous Solids [Chin. Phys. Lett. 37 (2020) 104401]

Qing Xi, Jinxin Zhong, Jixiong He, Xiangfan Xu, Tsuneyoshi Nakayama, Yuanyuan Wang, Jun Liu,
Jun Zhou, and Baowen Li

http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/037402
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/037403
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/037501
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/037701
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/038101
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/038102
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/038701
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/039801
http://cpl.iphy.ac.cn/10.1088/0256-307X/38/3/039901
https://doi.org/10.1088/0256-307X/37/10/104401

	Title
	Eq. (1)
	Eq. (2)
	Eq. (3)
	Fig. 1
	Fig. 2
	Fig. 3
	Fig. 4
	Fig. 5
	Fig. 6
	Fig. 7
	References

