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Recent years, huge progress of first-principles methods has been witnessed in calculating the quasiparticle band gaps,
with many-body perturbation theory in the GW approximation being the standard choice, where G refers to Green’s function
and W denotes the dynamically screened Coulomb interaction. Numerically, the completeness of the basis set has been
extensively discussed, but in practice far from carefully addressed. Beyond the static description of the nuclei, the electron—
phonon interactions (EPIs) are ubiquitous, which cause zero-point renormalization (ZPR) of the band gaps. Therefore, to
obtain high quality band gaps, one needs both accurate quasiparticle energies and accurate treatments of EPIs. In this article,
we review methods on this. The completeness of the basis set is analyzed in the framework of linearized augmented plane
waves, by adding high-energy local orbitals (HLOs). The electron—phonon matrix elements and self-energy are discussed,
followed by the temperature dependence of the band gaps in both perturbative and non-perturbative methods. Applications
of such an analysis on bulk wurtzite BeO and monolayer honeycomb BeO are given. Adding HLOs widens their GWj
band gaps by ~ 0.4 eV while ZPR narrows them by similar amount. These influences cancel each other, which explains
the fortuitous agreement between experiment and theory when the basis set is incomplete and the EPIs are absent. The
phonon-induced renormalization, a term often neglected in calculations of the band gaps, is also emphasized by its large
magnitude.

Keywords: quasiparticle band gaps, electron—phonon interactions, basis-set completeness, Beryllium oxide

PACS: 71.15.-m, 63.20.kd, 31.15.A—

1. Introduction

Electronic band structures are an intrinsic feature of
solids, which determine to a large extent many of their phys-
ical properties. Since the 1980s, developments of first-
principles methods have demonstrated that the GW approxi-
mation within the many-body perturbation theory (MBPT) is
an optimal choice in terms of computational cost, theoretical
complexity, and computational accuracy for descriptions of
the electronic band structures in weakly correlated insulating

materials. -2

1 With no empirical inputs, the shapes of the band
dispersions and the values of the band gaps can always be well
reproduced or predicted.’! In systems when large discrepan-
cies between theory and experiment exist, such as in ZnO,
Jiang et al. and Nabok et al. have demonstrated that by adding

high-energy local orbitals (HLOs) in the all-electron linearized

DOI: 10.1088/1674-1056/ac004 1

augmented plane waves (LAPWs),!*l the band gap can be in-
creased by 0.91 eV to 3.32 eV.[>%! The final value is close
to the experimental data (~ 3.4 eV). This indicates that the
completeness of the basis set for expansion of the electronic
wave functions is still an issue requiring attention. When all-
electron methods are chosen, orbitals like HLOs should be
considered to address the high-energy electronic states, and
their influence on the quasiparticle band gaps should be care-
fully tested.!>-")

When this numerical problem is addressed, one can
obtain accurate quasiparticle band diagrams at the geom-
etry optimized crystal structures. Beyond this, however,
electron—phonon interactions (EPIs) are still absent and
they are ubiquitous in condensed matter.!®! These EPIs
can be reflected by many properties, e.g., the tempera-

*Project supported by the National Key Research and Development Program of China (Grand Nos. 2016YFA0300900 and 2017YFA0205003), the National
Natual Science Foundation of China (Grant Nos. 11934003, 11774003, and 11634001), the Beijing Natural Science Foundation, China (Grant No. Z200004),
and the Strategic Priority Research Program of the Chinese Academy of Sciences (Grant No. XDB33010400). The computational resources were supported by

the High-performance Computing Platform of Peking University, China.
Corresponding author. E-mail: willzxw @ pku.edu.cn

fCorresponding author. E-mail: jianghchem @pku.edu.cn
$Corresponding author. E-mail: xzli@pku.edu.cn

© 2021 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

117101-1


http://dx.doi.org/10.1088/1674-1056/ac0041
willzxw@pku.edu.cn
mailto:jianghchem@pku.edu.cn
mailto:xzli@pku.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 30, No. 11 (2021) 117101

ture dependence of the optical spectra,”!9 the tempera-

ture dependence of the quasiparticle band gaps,!!"!?! the
phonon-limited carrier mobility in semiconductors,!'?! the

14151 and the electron

phonon-mediated superconductors,!
mass renormalization.!'®! They are realistic and fundamental
in condensed matter physics. To address these EPIs, early
theoretical studies often resort to the semi-empirical model
Hamiltonian. In the late 1980s and mid 1990s, the advent
and developments of density-functional perturbation theory
(DFPT) mean that it is possible to study these problems within
the first-principles framework.!!”-1°1 Based on this, recently
years researchers have witnessed huge progress in the develop-
ment of theoretical methods on first-principles simulations of
the EPIs.[8-1120-31 However, comparatively speaking, when
discrepancies between calculations and experiments exist, the
electronic structures methods at geometry optimized structures
in further development are often resorted to other than EPIs in
standard numerical calculations. Phonon-induced renormal-
izations of these physical properties are still absent in this
paradigm. In many of the existing first-principles calculations
of the EPIs, the pseudopotentials (PPs) are chosen due to their
low computational cost. These PPs based calculations can suf-
fer from the basis set completeness problem in descriptions
of the quasiparticle energies, when special channels are not

34,35

designed for the high-energy orbitals.[3*33] Besides this, er-

rors due to the pseudoization of the wave functions are also

36,371 These errors decrease when hard PPs

non-negligible. |
with specially designed channels for the high-energy states
are chosen.!38! Unfortunately, in most practical calculations,
they sum up to non-negligible errors, leading to the fact that
benchmark results should still be provided by the all-electron
methods with complete basis set. Therefore, to clearly deci-
pher the contributions from each term of interactions to the ex-
perimental observed quasiparticle band gaps and optical band
gaps, one needs to get the quasiparticle energy with a com-
plete basis set in the all-electron framework. Upon this, the
EPIs should be included. Compared to the theoretical results
for quasiparticle and optical band gaps obtained with these is-
sues not fully taken care, comparisons between these theoreti-
cal results with experiments allow much better understanding
of the experimental observations. Taking hexagonal boron ni-
tride (h-BN) as an example, ! it is an indirect band gap insula-
tor. The quasiparticle energy corrections to the direct/indirect
band gaps increased by including HLOs in the GW,, calculation
are 0.22/0.23 eV. This is far from being negligible. ZPR cor-
rections, on the other hand, decrease them by similar amount
(~ 0.2 eV). Therefore, when the basis set is incomplete and
the EPIs are neglected, the final absorption spectrum agrees
well with experiment. 1391 This fortuitous agreement, however,
should not be encouraged. Advances in first-principles meth-
ods require that one can control the numerical error in each
step of the theory and accurately decipher the contribution
from each interaction term to the experimental observations.

In this article, we review the state-of-the-art theoretical meth-
ods on calculation of the band gaps, focusing on understand-
ing the influence of completeness of the basis set and the EPIs.
The article is organized as follows: In Section 2, we present
a short overview on the implementation of the GW approach
in the LAPW basis, and analyze the influence of the basis set
by adding HLOs. In Section 3, the EPIs are briefly summa-
rized based on MBPT. The electron—phonon matrix elements
and self-energy are then introduced, followed by formulas of
temperature-dependent band renormalization in both perturba-
tive and non-perturbative methods. In Section 4, applications
on bulk wurtzite BeO (w-BeO) and monolayer honeycomb
BeO (h-BeO) are given. For w-BeO, including HLOs in GW
calculations widens the band gap by ~ 0.4 eV while ZPR nar-
rows it by similar amount. For h-BeO, the ZPR to the indirect
fundamental band gap is —0.37 eV, larger than most typical
semiconductors. The conclusions and perspectives are given
in Section 5. We use atomic units throughout this article.

2. Quasiparticle energies by including HLOs in
the LAPW-based GW approximation
2.1. The GyW, approximation
The central task of the GW method is to obtain the quasi-
particle (QP) energies £€2¥ by solving the QP equation with
a non-local self-energy operator. In the GoW, approximation,
the non-local self-energy is defined as (in atomic units)

) (r,r’; a)) = i /Go (nr’; o+ w/)
xWo (r,r;0") el®N4q. (1)
In Eq. (1), Gy is the non-interacting single-particle Green func-
tion

vi(r)y; (r')
o—¢&+U+idsgn(w)’

Go (r,7;0) :Z

i

@

where y;(r) is the wave function with energy &;, the chemical
potential g, positive infinitesimals 1) and &, and the sign func-
tion “sgn”. Wy is the dynamically screened Coulomb potential,

Wo (r,r’;a)) = /871 (r,rl;w)v(rl,r/) dr;. 3)

with € (r,71; ®) being the microscopic dielectric function and
v(ry,7") = 1/|r; — 7’| the bare Coulomb potential. The
single-particle states are usually obtained in the Kohn—Sham
(KS) framework of density functional theory (DFT) by solv-
ing the KS equation

WS )y (r) = gy (r), @
where the KS single-particle Hamiltonian reads
1 .
WES () = —EVi +H () VO () X (r),  (5)

vi(r) = /dr/ n(r')

r—r'|’

(6)
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c B 8EXC
v (’I") - 57’!(7’)7

with vH  plone X being the Hartree,

(7

ionic, exchange-
respectively, and E*¢[n] the KS
exchange-correlation functional of electron density

n(r)="Y |yi(r)]. ®)

i€occ.

correlation potentials,

Once X is at hand, QP energy of state |y;) €2 can be
readily solved by applying the first-order approximation, i.e.,

Here Z; is the QP renormalization factor. Furthermore, one
can perform the so-called energy-only GW calculation, where

QP are updated according to the Dyson equation until the cor-
respondlng Green function is converged, while the screened
Coulomb interaction and wave functions are kept the same as

in GoW,.[40411

2.2. LAPW basis including HL.Os

Now we briefly introduce the basis functions used in the

EIQP =&+ Zi(y;|ReX (&) — ™| y;). (9)  LAPW framework. The LAPW functions can be written as
|
we ’ ’
0ta (1) =9 v ki . sa « (10)
Z[Aalm uei(rasEqr) +Balm tgi(ra; Ean)|Yim (%), reV?,

with k and G being the wave vector inside the first Brillouin
zone (BZ) and the reciprocal lattice vector, respectively. V
represents the volume of the crystal, V* is the region enclosed
by the muffin-tin (MT) sphere with radius Rfj; and centered
on the o-th atom at 7%, ro = r — %, and I is the interstitial
region, i.e., positions inside the unit cell that does not belong
to any V. ug(ro;Eqr) is the solution of the radial KS equa-
8”051(E)/8E‘Ea,~ Yim
is the spherical harmonics function. The augmentation coeffi-

ARG and BEIC are determined by forcing gE20" (r)

tion at reference energy Eqy, tigi(Eqr) =
cients and
smooth at the boundary of V*. The distinct forms inside
and outside the atomic spheres of LAPW makes the funca-

tions suitable for all-electron calculations of solid states. The

0O,i
¢L07i(7“) - { [Al&lm s (ra’ Eal) + Bo‘lm Ul (roz, EOCI) + Calm ual(ra’Eocl )]Ylm( )7
Im -

0,

where E;?"' is the extra reference energy for the i-th set of
LO in the / channel of the ¢-th atom. When APW+lo ba-
sis is used in the same [/ channel, coefficient Bl&?m is forced
I(;?m’ nd CLO are chosen such that ¢1L 0.

is normalized and vanishes at the MT sphere boundary. LO

to be zero, and A

was originally introduced to improve the description for semi-
37,45]

[46]

core states! and empty states several Rydbergs above the

Fermi level.'*® Recently, the LOs with extremely large energy
parameters, termed as high-energy LOs (HLOs), are found to
be crucial to eliminate the linearization energy in high-lying
empty states in the standard LAPW basis and obtain accurate
quasi-particle band gaps for systems like ZnO, d/f-electron
mono-oxide, cuprous/silver halides and h-BN.5-747-301 Ip the
current all-electron GW implementation, the size of HLOs is

controlled by two parameters, namely, the additional number

\
scheme called APW+lo is proposed to improve the LAPW ba-

sis in low / channels by removing the #; part and including an
additional local orbital (o) inside V%,

(l;lm(r) = [Altgz)lm”al(ra;Eal)

+ Bttt (reis Eaa)Yim (7%), (11)

and B9,
ization condition and enforcmg q)alm(Rﬁ‘,lT) = 0. Properties

where coefficients Al° are decided by the normal-

such as total energy converge faster with respect to the plane-
wave cut-off under APW+lo than the LAPW basis. [424]

Another important type of basis in the LAPW frame-
work is the local orbitals (LOs) featuring an extra reference
energy, (542441

reVy,

rel,

12)

\
of nodes of the highest HLO with respect to the LAPW radial

function in the same / channel and the maximal angular quan-
tum number of HLOs, denoted by ny o and 159, , respectively.
In general, the larger the n o and I-9 are, the higher the HLOs

can reach in the energy space.

3. Electron—-phonon interactions
3.1. Electron—-phonon perturbation theory

In the following, before considering electron—phonon in-
teractions, we give the Hamiltonian of the electron subsystem
and the ionic subsystem. After that, we derive the formulations
of electron—phonon self-energy using many-body perturbation
theory.
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3.1.1. Electron—phonon matrix elements

The electron subsystem is effectively treated as a non-
interacting system based on the KS ansatz, i.e., Eq. (4). After
solving the KS equation, we can rewrite the KS Hamiltonian
at a certain ionic configuration R in the second quantization
form

A®S = Y S (i R) = Y (€ — 1) ddar,  (13)
i nk

where &, is the eigenvalue corresponding to the n-th band and

crystal momentum k and &j,k (Guk) is the electronic creation

(annihilation) operator. Particularly, at the equilibrium geom-

etry,

165 = Lo (€% — 1) ) . (14)

For the ionic subsystem, after solving the KS equation we can
obtain the Hamiltonian as follows:

| ZZs
- _Lxli 15
z‘sz,( ety X Ryw— Ry BB 09

IJKK’

where Ry, represents the spatial coordinate of the k-th ion
with mass My and charge Z in the /-th unit cell, and V;, =
d/dRy,. E.(R) is the electronic ground state energy with a
set of atomic configuration denoted by R. In KS-DFT, E.(R)
can be obtained by the energy functional

Y (w5 Vlw+ [ anten

ieocc.

+/ drviore (r)n(r), (16)

Ee[n] = (r)+E*[n]

with Vi and n defined in Egs. (6) and (8), respectively, and
. Z
0= Lpter 0

The sum of the last two terms in Eq. (15) defines the Born—
Oppenheimer potential energy surface (BO-PES) and is de-
noted as UBO(R). According to the harmonic approximation
(HA), UBO(R) can be expanded to the second order about the
equilibrium geometry {RO}, and the nuclear Hamiltonian can
be rewritten as

K
aZUBO
+ = —— |  ukalyrrg, (18)
I;a];ﬁ 3R,m8RMB RO Kﬁ

where Uy = Ryco — RV,

equilibrium position in Cartesian coordinate . The static

represents its displacement from the

ground state energy UBO(RY) is omitted and the first-order

term equals zero. Using the canonical transformation,>']
Eq. (18) changes into its second quantized formalism
P 1
Hllgr? = Z (bgquv + 2) Wgy . (19)
qv

Here BZV
gy is the v-th branch phonon frequency with crystal momen-

(qu) is the phonon creation (annihilation) operator;

tum q. Using the phonon creation and annihilation operator,
the ionic displacement is quantized as follows: ']

1
1 2 ‘R, P T
Ulco = ; (W’Cqu> e'? léxoc(qv)(bqv +b—qv)a (20)

where Ry is the position vector of the Ith unit cell, &y (qV)
is the eigenvector. N represents the number of unit cells in
Born—von Karman (BvK) supercell, which is the same as the
number of Bloch wave vectors in BZ. To go beyond the KS
band structure with static nuclei, one can consider the atomic
vibration by expanding A% to the second order in the atomic
displacement
I:]KS :ﬁ(l)(s +ﬁ] +FI2 ZI:I(%(

SEY RN+ YR e
i i

The first order and the second order terms in it are given by

£(1) avKS
R = 22
lKZaulKa alea ’ ( )
R=R"
N aZvKS
h? = Urcally! ‘ (23)
IK‘OC,ZJK‘/ﬂ KBaRIKaaRJK’ﬁ R=RO

By using Eq. (20), Eq. (22) can be rewritten in the second
quantized formalism as follows:

_ Yy <2NMquv> L eemg(qv)

IK'(X(]V
avKS
boy+b' )7
(qVJr ~9V) ORxa

In this case, the second quantized formalism of H 1 can be ob-

(24)

R=R'

tained as

I:Il = Z <nk’il(1)’mk/>ﬁlkdmk/
nmkk’

LYY (s ) ualay

nmkk' [ka qV

KS
dv k)
oR

Ik | R=RY

(bqv + b—qv) Akt (25)

X (nk |

~1/2¢iky (1) is the Bloch state, and u, (1)
is the periodic part. Given that

Z cia-R; IvKS
1 aR[KUC

_ Zelqu

where |nk) =N

R=R"
(r — R])

2
IR (26)

R=R'

117101-4



Chin. Phys. B Vol. 30, No. 11 (2021) 117101

has the lattice periodicity, the matrix in Eq. (25) can reduce to

VK (r— Ry)

k ig-Ry
<n ‘ Z € aR?(a

Ixo

| mk')
R=RY

Il
| —
('D‘
~
T
=
5
S~—"
3
—
o
)
3
@
~
T
oy
—
1
3

KS

N{nk | Z 8RO

Ko

| mk/>5k=k/+q. (27)
R=R?

Therefore, Eq. (25) can be rewritten as

A =N"2Y Y gom(k, @)l gk (iaqv +13qu) . (28)
nmk qV
Here, we define the electron—phonon matrix element

1

2
gnmv k q NZ (2M P ) gm(q\’)
Kk Wqv

aKS

|mk—gq). (29)
R=R"

Using the Bloch periodicity, Eq. (29) can be transformed to!®!

gumv (K, q) = <unk ’quVKS‘ umk_q>unit’ (30)

where

1

1o\ .
Vg =Y <2M o ) Ex(gv)e RV o VS,
Ix K*¥qv

the subscript “unit” represents the integral within a unit cell.

Similarly, making use of the Bloch periodicity, one can
obtain the second quantized formalism of the second order
Hamiltonian as follows:

72 Z gnmvv’ qu) nkaWIk q—q'

nmk qq'vv'
x (bqv +b,qv) (bq,v, n biq,v,) , 31)
with the second-order electron—phonon matrix element

1
8ffﬁw/ (k,q.4') = ) (it |V<1VV<1/V’VKS’”mquw’>unit' (32)

At this stage, we can write the total Hamiltonian of the
system as

A=Hy+H +H,, (33)

where

Hy=A§S + A (34)

on ?

and H; + H, can be treated as the perturbative term.

3.2. Electron—phonon self-energy

Based on the Hamiltonian shown in Eq. (33), we use the
many-body perturbation theory (MBPT) to obtain the electron
Green function and the electron self-energy X. Due to the fact
that the EPIs are considered mostly at finite temperatures, the

Matsubara Green function is resorted to>!

e PATduk(7)d}, (0)]
Tre—BH
—(Tenso (7)1}, 0)). (35)

gnk(f) = -

The symbol “Tr” means the trace, whose summation needs
to go over the complete set of eigenstates of . The fac-
tor B = 1/kgT. T is the 7-ordering operator. In the Mat-
subara method, time is treated as a complex temperature;
T =it € [-f,B] is the imaginary time. The creation (anni-
hilation) operator ézjlk(r) (@nk (7)) is defined as

ani(t) = e™ae ™. (36)

Next we introduce the S matrix, defined as
. =/

= T Ji 47 ()

S(m,m) = ) (37

=~ A A N
where A (1) = e™Hf’'e "0 and A’
Green function can be rewritten as

Tro [e—ﬁﬂo TTS([370)5,,,C(T)5:,€(O)}

= H, +H,. The electron

Gui(7) = — - , (33)
Tro [e*ﬁHOS([S,O)}
with
Ej,k(r) = efﬁ@zke*fﬁo, Enk(f) = em‘)gnke*m". (39)

Compared to Eq. (35), Eq. (38) seeks the trace over a complete
set of states of I:IO, denoted as Trg, which is easier to solve.

By expanding the S matrix, the numerator of Eq. (38) can
be expressed as

Tro [ PAOT:S(B,0)duk () (0)]

2(1)"/ drl/ dn-- /drn
i

XTI‘()|: ﬁHOTH (Tl) H (TVL)ank(T) ~nk(o)

} connect

(40)

Here, the subscript “connect” means that the diagrams of S-
matrix expansion should only include the distinct connected
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Feynman diagrams, owing to the fact that the disconnected di-
agrams have just been canceled by the denominator.

Inserting Eq. (39) into Eq. (40) and applying Wick’s the-
orem, one can obtain the electron Green function. Specifi-
cally, the first-order expansion of the first-order perturbative
Hamiltonian yields two electron propagators, one phonon cre-
ation operator or one phonon annihilation operator. This term
is equal to zero. The second-order expansion of the first-order
perturbative Hamiltonian yields three electron propagators and
two phonon propagators. This term is nonzero, and the Feyn-
man diagram in frequency-momentum space can be shown in
Fig. 1.

k,iw; k—q,iw;—if2 k,iw;

Fig. 1. Diagrammatic representation of the second-order electron Green
function corresponding to the first-order perturbative Hamiltonian H;. The
solid lines represent the non-interacting electron Green function, denoted
as G(9). The wavy line represents the non-interacting phonon Green func-
tion, denoted as D©); ®; = (2j+1)m/B is the frequency for fermions,
Q; =2In/B is the frequency for bosons, where j and / are integers. The
symbol “e” represents the electron—phonon matrix element g.

The electron—phonon self-energy can be obtained by re-
moving the two-sided lines

25,2/1 (ia), = Z Z |gnmv k q
mqv
ng (1Ql)g,<n,i L0 —i). (41

ng is the non-interacting phonon Green function, defined as

20

Dy (1) = —————.
QV(I l) le+w§v

(42)

Q,?lk is the non-interacting electron Green function, defined as

ka (iwj) = m (43)
The superscript “FM” represents Fan—-Migdal, due to the fol-
lowing reasons:

For the semiconductors and insulators, within some ap-
proximations, this term is referred to the Fan self-energy de-
duced by the second-order time-dependent perturbation theory
by Fan in 1951.13

For the metals, this term is referred to the lowest-order
electron—phonon self-energy by Migdal in 1958.134

The first-order expansion of the second-order perturbative
Hamiltonian yields two electron propagators and two phonon
propagators. This term is nonzero and the Feynman diagram

in frequency-momentum space is shown in Fig. 2.

qain

> s

k,iw; k,iw;

Fig. 2. Diagrammatic representation of the first-order electron Green
function corresponding to the second-order perturbative Hamiltonian
H,. The symbol “®” represents the second-order electron-phonon ma-
trix element g(2).

The electron—phonon self-energy can be obtained by re-
moving the two-sided lines

Zzgnnvv k d, — )

l qv

v (1€2)). (44)

The superscript “DW” represents Debye—Waller, due to the
fact that Antoncik used the pseudopotential modified by the
Debye—Waller factor to calculate the temperature-dependent
band gaps. !

Using the frequency summations, *?! we obtain
52 ZD (1921) Goge_q (10 —12)

_ qu +f(8mk:fq_.u) +qu+1_f(8mqu_“)

lw/ — Emk—q T U+ WOgy iwj — Emk—q T 1L — Wgy
(45)

with
Nyy= sty L (46)
A - 1Ql—qu

The FM self-energy and DW self-energy are rewritten as

. 1 )
25]2/[ (le) = N Z |gnmv (K, q)|

mqV
qu +f(£mk—q —IJ)
10— Enp—q + U+ Qg
Nev+1—f(emr—q— 1)
10 — Enp—q + U — Ogy
fZg,mw (k.q,—q) (2Ngy +1),  (48)

qV

; 47)

DW
Znk:

where Ngy and f(&np—q —
bosons and fermions. Due to the computational complexity of

W) are the occupied number of

the second-order derivative of the effective potential, one can
use the translational invariance and the rigid ion approxima-
tion to rewrite the second-order electron—phonon matrix ele-
ment as the product of two first-order electron—phonon matrix
elements, denoted as gf,f,zv(k,q), which is a real number.[?*
The DW self-energy can be rewritten as

1 G S(kg)

EDW
e =
" N mqv Enk — Emk

(2Ngy +1). (49)
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The prime requires m # n. Till now, we have just consid-
ered the lowest-order Green function corresponding to A; and
ﬂz. The expansion of Eq. (40), however, is to infinite order.
In order to consider the corrections of higher-order terms to
the electron Green function, we can combine these two self-
energy diagrams and obtain the Dyson equation. The structure
is schematically shown in Fig. 3, and the corresponding equa-
tion is as follows:

1
10— g+ 1 — S (1) — I3V

Gnre (100)) = (50)

=D-==—>—+—>—®=’-=-

Fig. 3. Diagrammatic representation of the Dyson equation. The double
line represents the dressed Green function, and the single line represents
the non-interacting Green function.

Experimental measurements of excitation energies are
for real frequencies. Therefore, one needs to perform ana-
lytic continuation of Eq. (50) to the complex plane, and to
frequencies close to the real axis. By transforming i®w —
o +18sgn(w), Eq. (50) is replaced by

1
: _ , (51
G (o) wﬁgnk+u+iasgn(w)72524(w)72}']ljkw eb

and the FM self-energy can be rewritten as

L

o) =+

Y gumv(k,q)?
mqv
Ngv + f (&nk—q — 1)
O — Enp—q + U+ 105gn(®) + 0y
Ngv+1—f(€Emk—q — 1)
O — Enp—q+ 1 +105gn(w) — Ogy

. (52

The spectral function is obtained from the imaginary part of
Eq. (51), which is directly comparable to the experimental
measurements

1
Ank(w) = —Elmgnk((o). (53)

Assuming that G, has a pole at Ex + il — U, we can
obtain the real part of the quasiparticle energy as follows:

Enke = & +ReZyy (Ene + il — 1) + 2", (54)
and the imaginary part of the quasiparticle energy as
L = ImZM (B + 6k — ). (55)

It is worth noting that due to the frequency dependence of
FM self-energy, Egs. (54) and (55) must be solved self-
consistently. In the quasiparticle approximation, the Taylor
expansion can be used to avoid self-consistent calculation,

Ene ~ & +ReZIM (g, — 1) + XDV

JReXZM(w)

8(1) (Enk: - 6nk:) . (56)

D=Eyp—H

By defining the renormalization factor

1
- JReXIM ()
X0

Znk = ’ 6F))

O=8yp—H

one gets

Enk & &t + Zuk [ReZpp (€ — 1)+ Z00 ], (58)
L ~ImZM (g, — ). (59)

The DW self-energy only shifts the quasiparticle energy,
while FM self-energy has a contribution to both the quasipar-
ticle energy and the quasiparticle lifetime. When the renor-
malization factor Z = 1, it represents the static limit of the
quasiparticle approximation, called on-the-mass-shell (OMS)
approximation in literature.”’”! In the OMS approximation,
the FM self-energy is equivalent to the correction to the
semiconductor electronic bands by the first-order perturbative
Hamiltonian within the second-order time-dependent pertur-
bation theory. Apart from the OMS approximation, allowing
&k — Emk—g £ Ogy = &k — Enk—g, WE can obtain the Allen—
Heine—Cardona (AHC) theory, 5671

1 (k. q)]?
Enk—enkJrN[ |8nmv (k. q)|

mqv Enke — Smqu

. 1 4 gﬁv%rz\/(kaq)

2N, 1). 60
2 iqv 8n’cgmk}( av 1) (©0)

In the history of studies of the semiconductors, researchers
used to believe that the FM self-energy is equivalent to the
DW term, leading to a misunderstanding to just consider-
ing one of them. In 1976, Allen et al. clarified that these
two self-energies are inequivalent and of the same order of
magnitude. %!

In the practical first-principle EPIs calculations, the key is
to determine the electron—phonon matrix elements. The most
popular method is DFPT.’8 The main idea is that the pertur-
bative potential induced by nuclei vibrations leads to the vari-
ation of ground-state charge density, which can be obtained by
the variation of ground-state electron wave functions. There-
fore, one can obtain the variation of the charge density and
the effective potential by solving the Sternheimer equation of
the Schrodinger equation in a self-consistent manner. This
method is suitable for the crystal systems with small prim-
itive unit cells, and the electron—phonon matrix elements of
any point in the BZ can be obtained. Due to the requirement
for dense BZ sampling in EPIs calculations, researchers also
developed some interpolation methods, such as Wannier in-
terpolation, which is successfully employed in a number of
applications ranging from metal and superconductors to semi-
conductors and nanoscale systems. [8-22-9]
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3.3. Nonperturbative methods

For the system with no periodicity or with large prim-
itive unit cells, the numerical convergence of the electron—
phonon matrix elements calculation based on DFPT is chal-
lenging. One needs to resort to alternative approaches. To
make the review complete, we introduce two methods based
on the nonperturbative approach in the following discussions,
i.e., the “finite displacement” method and the “ensemble aver-
age” method.

3.3.1. Finite displacement

Performing the Taylor expansion of the atomic dis-
placements to the second order within the harmonic

approximation, *°! one can reach

8£nk

Ene = &+ Z MIK(XW
Ko

Ixo

R=RO
2
0 Enk

_ 61
BaleaaRJK’ﬁ oD

+ Z M]KauJK/
Ixa Jx'B

R=R?

After the thermal average, the first-order term is zero, and
the second-order term is retained. By inserting Eq. (20) into

Eq. (61), one can obtain7!
88,,k ( 1)
Eg=6xk+Y —— |Ngv+= |, (62)
n n qz‘; aqu av Ty
with
Ot _ 1 y L Lie(m-Ry
8qu 2N(1)qv IkaJK'B MM
328,,k ’
x VIES s (qV) =———r— (63)
5K0!(q )ék B(q )aRIK(xaR]K’ﬁ -

The atomic displacements are regarded as perturbation, while
the EPIs are not.

constructed by the given phonon modes, leading to a set of
60,61

In practical calculations, a supercell is
atomic displacements.[®*%!] The second derivatives of the fi-
nite atomic displacement corresponding to the electron eigen-
values are calculated by the second-order difference formula.
The advantage of the finite displacement method is its simpler
algorithm. The disadvantage is the extremely large supercell
corresponding to long-wavelength phonons. Recently, nondi-
agonal supercell was proposed, which can help to reduce the
computational cost. 8]

3.3.2. Ensemble average

Ensemble average is another method, which aims to cal-
culate the thermal average of a physical quantity in the adia-
batic approximation. The properties are calculated by using
a series of the nuclear configurations generated from some
sampling methods, such as the harmonic approximation, the
molecular dynamic, the path-integral molecular dynamic, or

the path-integral Monte Carlo simulations. Taking the elec-
tronic band gap as an example, correcting it due to electron—
phonon interaction using this ensemble average method we
have

E(T) = [IX(R)PE(R)CR, (64)

where x (R) is the nuclear wave functions. In the harmonic ap-
proximation the phonon wave functions can be solved analyti-
cally, and the above equation can be simplified by the Gaussian
integral [*!

3

291 Eg(R),  (65)

1 —
Eg(T) :Hv/dxvme

with
() = 2Ny +1) 1. (66)

Here, [, is the zero-point vibrational amplitude of the vth
mode, Ny is the Bose—FEinstein occupation, R depends on the
normal coordinate x,. More details and applications of this
method can be found in Refs. [9,10,62].

4. Applications
4.1. Bulk wurtzite BeO

Using the methods listed, we take beryllium oxide (BeO)
as an example to demonstrate how the completeness of the
basis set and the inclusion of the EPIs impact on the quasi-
particle band gaps. This material is a wide bandgap oxide
crystal, whose most stable crystalline phase is of the wurtzite
type. Therefore, we label its bulk phase as w-BeO (space
group: P63mc) in the following discussions. Here w-BeO ex-

hibits unique properties, such as high melting points, (%3] wide

(67

band gap, %% high thermal conductivity,®’! and high elec-

trical resistivity,[®8] meaning that it has potential for a wide

(68,69

range of applications in optoelectronic devices. 1n recent

[70-73

years, many theoretical calculations I"and experimental

64-66.701 have been performed to investigate its
The role of EPIs on the

quasiparticle and optical band gaps, however, has never been

measurements|
electronic and optical properties.

considered. The fact that they are naturally included in the ex-
perimental observations but absent in the theoretical descrip-
tions means that a direct comparison between experiments and
these theoretical results is unreasonable. The absence of EPIs
in the reported theoretical calculations also means that con-
trary to experiments, no temperature dependence of these ex-
perimental observable should exist.

4.1.1. Quasiparticle band structure

To minimize the artificial effects for comparison of theo-
retical and experimental results, we use the experimental lat-
tice parameters (a = 2.698 A, ¢ =4.380 A)U"+73] for all the
band gap calculations. The DFT calculations were performed
by adopting the generalized gradient approximation of the
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Perdew—Burke-Ernzerhof (PBE) form!’®! for the exchange—
correlation potential. The band structure was first calculated
at the PBE level. Three codes were used, i.e., WIEN2k, [
Vienna ab initio simulation package (VASP),!”"] and QUAN-
TUM ESPRESSO (QE).!”8] The first one is LAPW based and
the latter two are PPs based. For the BZ integration, a 1000
k-point mesh was used in WIEN2k, and a 6 x 6 x 2 I" centered
k-point mesh was used in the VASP and QE calculations. We
chose the parameters RMT(Be,0)=(1.4, 1.5) Bohr and RK-
max =7.0 for the LAPW basis in WIEN2k. In the VASP and
QE calculations, the energy cutoffs were chosen as 800 eV and
70 Ry, respectively. The results are shown in Table 1, consis-
tent with the previous theoretical calculations.!”*7°! The value
of 7.44 eV in Ref. [79] is due to the fact that different lat-
tice constants were used in their calculations. Our calculations
exactly reproduce their value when their lattice constants are
chosen.

Table 1. Calculated PBE band gaps (in eV) from three theoretical ap-
proaches of w-BeO and compared with others’ calculations.

VASP WIEN2k QE
This work 7.61 7.63 7.65
Others 7.66% 7.44b

aRef. [73], PRef. [79].

Then we apply the quasiparticle corrections, using the
GoWy and GW, approaches. To decipher the impact of
the high-energy states in a clean manner, i.e., without ar-
tificial effects from other issues like the pseudoization of
the wave functions,’%37! the GoW, and GW, calculations
were performed in the all-electron LAPW basis using the
GAP2 code.® For the frequency dependence of the screened
Coulomb interaction, the correlation self-energy was calcu-
lated along the imaginary axis and then analytically contin-
ued into the real frequency axis by using the multipole fitting
scheme, as detailed in Ref. [80]. With standard LAPW ba-
sis set, the PBE and GW;) band diagram obtained by WIEN2k
and GAP2 codes are shown by black and red solid lines in
Fig. 4. The smallest direct band gap is at I' [k = (0,0,0)]
from the valence band maximum (VBM) to the conduction
band minimum (CBM). The PBE direct band gap is 7.63 eV
and the GWj direct band with the standard LAPW basis is
10.45 eV. Then, motivated by recent separate studies of Jiang
et al.®) and Nabok et al.!% on the role played by HLOs in
GW calculations, we investigate how the GW, band gaps of
w-BeO can be changed by including HLOs in the all-electron
LAPW-based GW calculations. The GW results are converged
at 12 x 12 x 4 k-point mesh, the parameters corresponding
to HLOs are nio = 1, and 50 = 5. The specific values of
GW calculations with/without HLOs are shown in Table 2.
In comparison to the GW calculation without HLOs, the in-
clusion of HLOs in GW, calculations shifts down the VBM

by 0.67 eV and shifts down the CBM by 0.31 eV. The re-
sults are shown by blue solid lines in Fig. 5, compared with
the red ones without HLOs. The comparison of the PBE and
GW), without/with HLOs electronic band structure calculations
based on the LAPW basis are shown in Fig. 4, where the fermi
energy is set as zero. It is clear that the inclusion of HLOs
has a noticeable influence on the GW corrections, which en-
larges the direct band gaps by 0.33/0.36 eV in GoWy/GW, cal-
culations. Consistent with the theoretical results for h-BN in
Ref. [7], this highlights the importance of high-energy states
for descriptions of the quasiparticle excitations in such wide
gap systems.

14
12¢
10F

—— GW, without HLOs |
—— GW,y with HLOs

Energy (eV)
=

r MK I''A LH A LMKH

Fig. 4. Electronic band structure calculation by means of the LAPW
method showing PBE (black solid lines) and GW, without/with HLOs
(red/blue solid lines) results of w-BeO, where the fermi energy is set as
zero (gray dotted line). The green arrow line represents the direct band
gap transition.

LB — GW, without HLOs |
—— GW, with HLOs

Fig. 5. Electronic band structure calculation by means of the LAPW
method showing GW, without/with HLOs (red/blue solid lines) results of
w-BeO. The green arrow line represents the direct band gap transition.

Table 2. Calculated band gaps (in eV) of w-BeO. The influence of
HLOs on the GW band gaps and EPI-induced ZPR are highlighted.

This work without HLOs HLOs HLOs+ZPR
PBE Go W() GWO Go WO GWO G()Wo GWO
7.63 10.04 10.45 10.37 10.81 9.97 1041

Expt 10.63+0.1*  10.7° 10.6°

aRef. [64], PRef. [65], °Ref. [66].
4.1.2. EPls-induced bandgap renormalization

Next, we investigate the EPI-induced band gap renormal-
izations. This is carried out by using the YAMBO code, ?!
with the KS orbitals and eigenvalues generated from the QE
The EPIs were described by using Eq. (58)

within DFPT at PBE level. The electron—phonon self-energy

calculations.

was obtained using 1000 random g-points in the phonon BZ,
a uniform 6 X 6 x 2 k-grid mesh in the electron BZ and 32
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electronic bands. In Fig. 6, we show the EPIs induced cor-
rections to the direct band gap of w-BeO. The EPIs-induced
correction to the static direct band gap has a weak T depen-
dence below room temperature (300 K) and increases almost
linearly beyond it. To figure out the contribution of EPIs to
VBM and CBM, we present the T-dependent VBM and CBM
renormalizations in the inset of Fig. 6. At 0 K, the EPIs shift
up the VBM by 0.17 eV and shift down the CBM by 0.23 eV.
The ZPR to the direct band gap is —0.40 eV, as shown in the
last two columns in Table 2. For most typical semiconductors,
such as Si and GaAs, the ZPRs are only about 50-70 meV (see
Table 3 in Ref. [81]), which are lower than w-BeO. Hence, the
EPIs are strong in w-BeO.

—0.4+F

——a__
]

—05F T N\ :

AE, (eV)

—0.6}-0.2
—0.4 ’_’—N\‘\‘\'\‘\« "

0 200 400 600 800

—-0.7

0 200 400 600 800
Temperature (K)

Fig. 6. T-dependent direct band gap renormalization of w-BeO calcu-
lated by using Eq. (58) within DFPT at PBE level (blue). The zero-point
renormalization is —0.40 eV. The inset shows the T-dependent VBM
(black) and CBM (red) renormalizations.

The corrections of HLOs and EPI induced are both large.
However, both of them tend to be ignored in practical cal-
When the PPs based method is used for the de-
scription of the quasiparticle energies, the former error (due to

culations.

HLOs) may seem smaller due to contributions from the pseu-
doization of the wave functions, as detailed in Refs. [36,37].
We should note that an in-depth understanding of quasiparti-
cle band gaps from the theoretical perspective requires contri-
bution from each term in the simulations to be accurately de-
scribed. In w-BeO, the band gap increased by including HLOs
in GW; calculation (0.36 V) is almost equivalent to the one
decreased by EPIs (0.40 eV). The cancelation between these
two terms results in the fact that the final value is close to the
one when both of them are neglected. The large magnitude for
both of them means that to get a correct understanding of its
band structure, one needs to consider both the effects of HLOs
in GW calculations, and the EPI-induced band renormaliza-
tion.

4.2. Monolayer honeycomb BeO

As a member of the isoelectronic series of the first-row
elements such as graphene and h-BN, studies have predicted
that BeO may also exist in an sp? hybridized atomic layer
with a honeycomb structure (h-BeO).!3%831 This h-BeO (space

group: P63/mmc) has the most stable graphitic phase of

(841 Theoretical surveys of possible mono-

wurtzite materials.
layer honeycomb structures of II-VI semiconductors have also
shown that h-BeO has a formation energy, comparable to
that of its bulk phase.!® Therefore, this monolayer struc-
ture was deemed to be most experimentally achievable among
its two-dimensional candidates. 30! Recently, Shih et al. (871
demonstrated the feasibility of growing h-BeO monolayers
by MBE, and illustrated that the large-scale growth, weak
substrate interactions, and long-range crystallinity, making h-
BeO an attractive candidate for future technological applica-
tions. Converging the band gap for two-dimensional materials
with HLOs included is still technically challenging in GAP2.
Therefore, we resort to PBE to demonstrate the key feature of
its band structure and focus on EPIs in this part. In optimiz-
ing the structure, VASP along with the projector augmented
wave (PAW) pseudopotentials was adopted. 38! The optimized
lattice constants are ay = by = 2.68 A, in good agreement
with previous calculation.!®® The band structure calculated
by means of the WIEN2k method is shown in Fig. 7. The
PBE band gaps are given by three theoretical approaches can
be found in Table 3, consistent with the previous theoretical

calculations. 18!

Eindirect
g

Energy (eV)
S
E

VBM

r M K r

Fig. 7. DFT-PBE electronic band structure calculation by means of
WIEN2k method (black solid lines) of h-BeO. The orange (blue) arrow
line represents the indirect (direct) band gap transition.

Table 3. Calculated PBE band gaps (in eV) from three theoretical ap-
proaches of h-BeO and compared with the others’ calculations.

VASP WIEN2k QE
This work 5.33 5.35 5.35
Others 5.45%b 5.45¢ 5.384

aRef. [73], PRef. [90], °Ref. [91], YRef. [89].

The value of 5.45 eV in Refs. [73,90,91] is due to the dif-
ferent optimized Be—O bond length, which are 1.53, 1.525 and
1.524 A in their calculations and 1.547 A in our calculations.
We can obtain the similar values when their lattice constants
are chosen. In the electronic structure calculations of h-BeO,
we adopted the same parameters as the calculations of w-BeO,
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except for a 6 X 6 x 1 I centered k-point mesh in the VASP
and QE calculations. Different from the w-BeO bulk phase,
this monolayer has an indirect fundamental band gap between
the VBM at K and the CBM at I". The direct gap at I" is larger.
In the EPIs calculations, electron—phonon self-energy was ob-
tained using 32 electronic bands, a uniform 36 x 36 x 1 g-point
mesh in the phonon BZ and the same k-grid mesh for the elec-
tron BZ. The ZPR of h-BeO to the fundamental indirect band
gap is —0.37 eV (shown in Fig. 8), larger than most typical
semiconductors, meaning that the EPIs are equally strong in
monolayer h-BeO and in its bulk w-BeO phase. As shown in
the inset of Fig. 8, EPIs contribute almost equally to VBM and
CBM. At 0 K, the EPIs shift up the VBM by 0.21 eV and shift
down the CBM by 0.16 eV.

0335 —r—m—————————————
—~ —0.401 b
>
<L
o
S
1 _o.4s5t .
I e
0 200 400 600 800
—0.50 L , , ,

0 200 400 600 800
Temperature (K)

Fig. 8. The T-dependent fundamental indirect band gap renormaliza-
tions of h-BeO calculated by using Eq. (58) within DFPT at PBE level
(blue). The zero-point renormalization is —0.37 eV. The inset shows
the T-dependent VBM (black) and CBM (red) renormalizations.

5. Conclusions and perspectives

In summary, we have reviewed the theoretical methods
for first-principles quasiparticle band structure and EPIs calcu-
lations in solids. Including HLOs in the all-electron LAPWs-
based GW calculations is crucial in getting the quasiparticle
band gaps converged. For w-BeO, this widens the direct band
gap by 0.33 eV (0.36 eV) in the GoWy (GWp) calculations.
Adding in EPI, on the other hand, narrows it by 0.40 eV. For
monolayer h-BeO, the EPI-induced ZPR is —0.37 eV for the
fundamental indirect band gaps. These values of ZPRs are
larger than most typical semiconductors. In w-BeO, correc-
tions from including the HLOs and the EPIs cancel each other.
This can explain the fortuitous agreement between experiment
and theory when the basis set is incomplete and the EPIs are
absent. The phonon-induced renormalization of the band gaps,
a term often neglected in practical calculations, is also empha-
sized by its large magnitude.
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