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Indeed, in the late 19th century King Oscar Il of Sweden, advised by Godsta Mittag-

Leffler, established a prize for anyone who could find the solution to the following
problem. The announcement was quite specific:

Given a system of arbitrarily many mass points that attract each according to Newton's
law, under the assumption that no two points ever collide, try to find a representation of
the coordinates of each point as a series in a variable that i1s some known function of

time and for all of whose values the series converges uniformly. (FANMEE+—PMTE)
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R é_, in a Degenerate Fermi Gas, Phys. Rev.
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After having earned his PhD in 1954, Cooper went to the Institute for Advanced Study in Princeton. Under
Oppenheimer’s directorship, the institute came to be regarded as one of the most promlnent places to build a
solid experience in the most recent tools of theoretical physics thanks to the ironment made of

several highly talented postdoctoral fellows. @D zgg;ﬁULAURE ATE

°5°“;, ¥ MEETINGS
NCF.

Thanks to the work Dyson, the renormalization techniques developed by Schwinger, Feynman and Tomonaga
had been disseminated ({£3#%) to a group of younger researchers, who were now contributing to the
development of quantum field theory. At the Institute for Advanced Study, Cooper developed a strong interest
for field theories and worked on nonrenormalizable field theories in order to understand their properties.
Bardeen contacted C. N. Yang—who was then a permanent member of the Institute—to ask for suggestion
about a young scholar versed in field theory that could join his group to work on superconductivity. Yang
proposed Cooper who was in fact attracted by the prospect to apply quantum field theory to the solid state,
although he did not have any previous knowledge of solid-state physics. In September 1955, Cooper moved to
Urbana-Champaign and began working with Bardeen and the PhD candidate Schrieffer to a microscopic theory
of superconductivity based on the laws of quantum mechanics.
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To solve the problem of finding the quantum mechanical properties of degenerate systems, Cooper decided to
look for the simplest case and, only later, to generalize the result to many-body system. In agreement with
Bardeen, Cooper investigated the system made by two electrons just outside the Fermi surface to understand
which were the properties that would have led to the emergence of the Meissner effect. Starting from quantum
mechanical considerations, in September 1956 Cooper demonstrated that in a degenerate Fermi gas—an
ensemble of a large humber of non-interacting fermions that occupy all the states up to the Fermi energy—if
the net force between the two electrons is attractive (however small the attraction might be) they form a bound
state whose energy lies just below the Fermi surface.

Although Cooper’s demonstration was valid for any kind of attraction between electrons, Herbert Fréhlich, and,
independently, Bardeen & Pines had already proposed a mechanism for the emergence of the attraction
between electrons that involved the interaction between electrons and phonons, the quanta of the collective
excitations of the ions forming the lattice. The bound energy is very weak and only below certain temperatures—
the critical temperature of the superconductors—does the attraction overcome the Coulomb repulsion between
electrons. The Cooper pairs were born.
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> More is differentX ¥ B T EZNHRSER
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From BCS to the LHC, by Steven Weinberg

It was a little odd for me, a physicist whose work has been mainly on the theory of elementary particles, to be
invited to speak at a meeting of condensed-matter physicists celebrating a great achievement in their field. It is
not only that there is a difference in the subjects that we explore. There are deep differences in our aims, in the
kinds of satisfaction that we hope to get from our work.

| think that the single most important thing accomplished by the theory of John Bardeen, Leon Cooper, and
Robert Schrieffer (BCS) was to show that superconductivity is not part of the reductionist frontier (Bardeen et al.
1957). Before BCS this was not so clear. For instance, in 1933 Walter Meissner raised the question of whether
electric currents in superconductors are carried by the known charged particles, electrons and ions. The great
thing that Bardeen, Cooper, and Schrieffer showed was that no new particles or forces had to be introduced to
understand superconductivity. According to a book on superconductivity that Cooper showed me, many
physicists were even disappointed that “superconductivity should, on the atomistic scale, be revealed as nothing
more than a footling small interaction between electrons and lattice vibrations”. (Mendelssohn 1966).
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ABSTRACT

The paper gives an account of the author’s work on a new form of quantum
theory. §1. The Hamiltonian analogy between mechanics and optics. §2. The
analogy is to be extended to include real “‘physical’” or “undulatory’ mechanics

* instead of mere geometrical mechanics. §3. The significance of wave-length;

macro-mechanical and micro-mechanical problems. §4. The wave-equation
and its application to the hydrogen atom. §5. The intrinsic reason for the
appearance of discrete characteristic frequencies. §6. Other problems;intensity
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% % 7}@ 3&/\ 1";] él] RS l\‘;‘ . .ji-
Since the discovery of electron as a particle in 1896-1897, the theory of electrons e O
in matter has ranked among the great challenges in theoretical physics. The fun- Compute Simiations of
damental basis for understanding materials and phenomena ultimately rests upon %E%mww
understanding electronic structure. [1] i;ﬁfﬁfﬁﬁgﬂ”m
[1] R. M. Martin, Electronic Structure, Basic Theory and Practical Methods (Univ. LS
Princeton, Cambridge, 2004).

It is without any hesitation that we assent to R. M. Martin’s point of view and

take it as the first sentence when it comes to writing the introduction of this book s e

I\«.-"_-...'

on computer simulations of molecules and condensed matters. The electrons, being c e,
COMPUTer Jimuianons

an interacting many-body entity, behave as a quantum glue which holds most of the of Molecules and
Condensed Matter

From Elecironic Slructuraes
I Medacular Dynamics

matters together. Therefore, principles underlying the behavior of these electrons

determine to a large extent properties of the system (electronic, optical, magnetic,

Hin-fmeng Li
Er-lia Wing

mechanical, etc.) we are going to investigate. As a consequence, introduction to
the computer simulation of molecules and condensed matters should naturally start o

from theories of electronic structures.
54
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One point implied in this statement is that the concept of electronic structures
is polymorphous, in the sense that it covers all properties related to the electrons in
matter. For example, it can refer to the total energy of the electrons, their density
distribution, the energy needed for extracting (injecting) one electron out of (into)
the system, their response to an external perturbation, etc.. These properties are in
principle measured by different experiments and described using different theoret-
ical methods. Therefore, when saying “electronic structures”, one must specify the
specific property of the electrons it refers to and the theory we are using. Among
the various properties and theories in describing the electronic system, we will fo-
cus on the ones concerning depicting the total energies and the spectroscopies of
the system within the ab initio framework throughout this book. For electronic
structure theories based on model Hamiltonian, e.g. the effective-mass envelope gﬁ :"%F 5\7\ % V;J ?g’ ’ é'] T )\:5 % ’
function and the tight-binding methods, which are equally important in molecular &é\go beyond Richard Martin
simulations but will not be discussed here, please refer to the seminal book of R. ﬁ]{ 4‘\.:':5 o
M. Martin in Ref. [1].

BERFE: finsH,
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B R BE 5
Variational Principle:

(W[H[Y)
(W¥)

E.[VP] = (When normalized) = (‘P|FI|‘P)

KL — 5 BAENT B ALAES
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B R BE 5
Variational Principle:

1. Ground State HY, = E, ¥, Y = z ;Y
i

—~ 2
(WIH|W) = (Zi ¥ [H| X W) = X 6 (Zi ¥ |¥) = Tl o] E;

= |col?*Eq + Zj:llcjlej = (1 — Zj=1|Cj|2) Eo+ Zj=1|ci|2Ei

= Ey+ Zj:llcjlz(Ej _ Eo) > E, E/Kﬁléﬁiﬁ\ﬂj‘ =4 88 = H9 A AR R AR
I, BREABRPHASHIRSBREBA

2 First Excited State When the trial wavefunction ¥ is orthogonal to ¥,
Y = z Cilpi
i=1
—~ 2
(P[H|W) = (Xi1 ¥ |H] 2.j=1Cj W) = 2j=1GE; (Zior ¥ W) = Zj=1|cj| E;

= lalEy + Y [of'E =By o (B By) 2 B, RETALKEKFHT
| ~

j=2
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M Hartree 7 7= 3,42 :

In 1927, a year after the publication of the Schrodinger equation, Hartree
formulated what are now known as the Hartree equations for atoms, using the
concept of self-consistency that Lindsay had introduced in his study of many
electron systems in the context of Bohr theory.

Hartree assumed that the nucleus together with the electrons formed a spherically
symmetric field. The charge distribution of each electron was the solution of the
Schrodinger equation for an electron in a potential v(r), derived from the field.

Self-consistency required that the final field, computed from the solutions was self-
consistent with the initial field and he called his method the self-consistent field
method.

D. R. Hartree, Proc. R. Soc. London A113, 621 (1928) = Be% (SHRFREA )

(right after Schrodinger Equation was proposed)



Hartree 75 % (general #9 /& 4-)

HER:

- FRENFRIBEHH=PXEMWS: ’IRASProduct States. 75 Determinant. R
M=K Permanent (IELEMH)

- RAERHFHELA (FEEE)

- B (ZUEEM|)

Product states can be constructed from orthonormal single particle states |«): « iﬁ] /f:‘ 1# X
« FRT a1 ...an) = |a1) @ |as) @ - - - ® |aw) . (1.30)

Note that we use |) to denote the product states.

Overlap between product states:

(a1 ...an ‘0-'1 o N) = (a1 rt1> (g | rt’Q) o Aan| a-":w) : (1.31)
Yay.an (T1..."N)=(r1... "N |ar...aN)
= 1) (T‘l) Vas (T2) . Uay (TN). (1.32)
Closure relation
Z oy ...an) (a1 ...an| = 1. (1.33)

... N 61
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Exchange symmetry
Only totally symmetric (Bosons) and anti-symmetric states (Fermions) are observed in nature:

L (rpr.rpa.....TpN) =10 (r1.re,...,rN) (Bosons). (1.34)
S (rpy1,Tpa....,tpn) = (=)0 (r1. 79, ..., ry) (Fermions). (1.35)

Statistics theorem: Bosons (Fermions) have integer (half-integer) spins.
Normalize symmetrized states are constructed from the product states by applying symmetriza-

tions: . — . :
,_ | o #KF: 73X (Determinant)
P (ry,r2,...,*N) = < b (rp1,TP2,---,TPN), (1.36)
Ak - EF: FRAR (Permanent)
a1 .. .an) = 4| = Plag...an), (1.37)
P (P Ty) = NaOINT ZC Vay (TP1)Vay (TP2) .. . Yay (TPN) (1.38)
where we introduce the symbol Hartree 5Hartree-Fock iy X 5l
¢ = {l _ (BC’S‘“?SJ , (1.39) B — X & K R B RV R
—1  (Fermions)

=RRES, —T=2TIIR.

Note that P is the projection operator: ) ,\
P2 _ P (1.40) o2
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BT A AE (HAED)

On one hand, one wants a small basis set with as fewer basis functions as possible, which
allows a faster calculation. On the other hand, one wants a complete basis set with
enough basis functions to represent the accurate results. If the basis set is too small, it
will cause errors that a true wavefunction can not be precisely expressed with all
available basis functions. This is the basis set error, one should have in mind this is an
approximation that might lead to errors in your calculation.

In quantum chemistry codes, atomic basis sets are usually used. The molecules are
mostly composed from atoms, so using atomic orbitals might be the best way to
minimize the number of basis functions needed. The most commonly used are Slater type
and Gaussian type atomic basis functions, e.g.

Xlsf((;f) — I_?)) = ((3/7-[)1/28_(“7_1”

Xff(a,? — ﬁ) = (205/71)3/46“""j‘m2

A. Szabo #F= N.S. Ostlund 5 &) Modern Quantum Chemistry
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: Slater
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Je TR R ey R (BAEE &)
Fit of a Slater-type orbital by STO-NG

0.061 - 0.194+0.200 = 0.435

[
The above equations shows the example Is
functions, one can generalize the equation to
2p, 3d, etc. Slater type functions describes
better the true atomic orbitals but Gaussian
functions are easier for computing. Therefore
people use a linear combination of Gaussian
functions to mimic a Slater type function, the
5 0.27095 )3-4= o)

linear combination is called ‘“contraction”. For
example, “STO-2G”, “STO-3G”, “STO-6G”

are usual minimum basis sets used in early

‘\G Jo
STO3G

Amplitude

02

01
1I | I I I; 4
Radius (a.u.)
76

00

literatures.

There are many different types of basis sets,
one can easily find websites that provide basis

set in different format.
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o REITRGREMAE (ZEAET)

(Ul = j drydry ¢t (r) F (r)rin S (r) P ()

Product of two Gaussian 1s Gaussian function

GF > =5\ 3/4 _al‘?—ﬁlz
- - N - > - a,T' R 26( T e
oS (a, 7 — Ry)PSF (B, 7 — Rg) = KapdSF (0,7 — Rp) X1s ( ) = a/n)

2 3/ L . -
KAB=([ - ]) expl- sl R = Rol'l  P=atB = (afly+ Re)/ @+ B)

(ij1kl) = KapKep J d7”1d7”2¢f£(29; - ﬁp )7”1_21 ff(q;Fz — Ry )

A four center integral becomes two center integral, which is much more efficient

)RR RS
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plane wave basis set

In solids, it 1s more common to use the plane wave basis set because the system is usually periodic.

Plane wave basis set suits to represent periodic Bloch type wavefunction.
¢z (7) = exp (ll_é : F) uz (1)
uz () is periodic in space with the same periodicity as the supercell, and can be expanded with plane waves.
uzp () = 2 Crge'GT
G
So we have the Bloch type wave function also expanding on the plane waves.

G is defined by m, Bl + m, 1_52 + m; 53, with integer values of m1,m2,m3.

66



Hartree 77 i% ( general &) /2 4&-)

o REITRGREMAE (ZEAET)

plane wave basis set ¢z (F) = z Ck,(;,ei(kJrG)'r
G

The expression means that even for computing one k point value, still requires summation over an
infinite number of possible values of G. However, the very large values of G means very high energy
wave components in the expansion, and they are not important contributions to the overall property.
Therefore, in practice one finds a cutoff based on the knowledge that k+G is related to the kinetic
energy of a plane wave.

h?|k + G|?
E =
2m
So one can define the cutoff value of G with a cutoff value of energy for plane wave.

- i E+a T
hz >(r) = Z C el( )
Ecut = _Ggut ¢k( ) kG

2m |k+G|<Gcyt
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o REITRGREMAE (ZEAET)

» Every basis set has a certain level of errors, and calculations should general be checked with its basis set convergence.

* Basis incompleteness error may depend on the computational methods used.

* For atomic basis set, there may be schemes to extrapolate a physical quantum to the so-called complete basis set limit.

* For plane wave basis set, the convergence is mostly checked by varying the cutoff.

* Error cancellation may play in to ease the basis incompleteness problem.
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For a nucleus, the correct potential 1s the Z/r given by Coulomb. And the
Wirye Shows the radial part of a true wavefunction for core electron, which shows
clear oscillation around nucleus. The idea of pseudopotential is to replace the true
electron-nucleus potential Z/r with a artificial potential such as vys0y,4,. The new

|
|
|
wpseudo ! . . . . .
| ~ potential would result in the wave function of the core electron 504, Which is
v \j | Te ™ much smoother function. The new wave function would not require high energy
| . .
e | plane waves to expand, greatly reducing the total number of plane waves in the
N computation.

The ionic pseudopotential

=0, channel for the s state
, channel for the p state

, channel for the d state

VP5(r) (hartree)
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o ERPF HIegim (BAED) APW method

( .
Interstitial region —oi(GHk)r r € Interstitial,
MT sphere 'k y;
C)G (r) - < (8% (@ T
Z AI,T'TI (k + G’) uy (I“ . E) K’_.;.tn (r ) . r c h,[l .
\ [.m

MT sphere

12
- 2 1+ 1)
r {— 12 + > +V(r)—e¢ pru (r,e) =0.
T.(.I
LAPW method
Pric (r) =
%ei(eﬂ()'r- r € Interstitial,
i Z (Al (k+G)ug (r®, €)+Bim (k+G) iy (r®, )] Yim (), r € MT,
+local orbitals Lm
(3.22)
0, r € Interstitial,
Oxpw (1) = { o @) (o (2 -
{Al.vnul (r*,er) + Crny, (r L€ )] Y (r%), re MT .

(3.26)
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© W (E#R)

(1 ikra)r
——e rel
) VQ
(I‘lé(]f') — < 'E'ma:r —|—I
YD ALk +G)u(r Ey) + Bl (k+ G)in(r®, Ey)] Y (7*) 1€ MT,
L (=0 m=-I
AT e e R 2 i(k+Q)r
- (k + G Y (TN k + G))et(k + G) [Ryyp)” ekt G ra
I ( ) \/ﬁ [ ( _ )) I\ )[ ‘LIT}
47 2 i(k+G
B (k+G) =——ilV, (T7 (k + G))d*(k + G) [R2,7]? e!k+C)xa
rm ( ) \/ﬁ im (Lg  ( ))dj ( Byr]
qk+G)= (ajl(u;c;m)m (R, Et) — 5|k + GIRyr )i (Ryyr, Er)

=k + Glji(|k + G|RYr)wu( Ry, £1) — ji( |k + G|RYr) i (Rir. E1).
di (k + G) =ji(|k + G| Ry )w(Ryr, E1) — (aﬁ |k+G|r))Ra w(Ryr. El)

ar
MT

=ji(|k + G| R )uy (R, E1) — [k + Glrj(|k + G| Ry )w (R, Er).

Intrinsic to the basis!



W R SRR I BT E LR, REAEMAFEHEEAYKRE, HEEARRS
ST E4EME T E (RESHERZRERS, LEAFRSHEAHBESL)

STk EH: o ag) = |ag) o |an) RS
O, =H,+V N ket (Dirac)
A AR AR T (Negele & Orland##11.2 Systems of Identical Particles)

/&l’}‘-lé%; (I‘l---I‘N|a1"-aN bra
= (rylay) - (rylan) = 1/Ja1(1'1) l/JaN(rN)
4K AT (Negele & OrlandZ#41.3 Many- Body Operators)

1
(1‘1 *e I‘N|H0|a1 *e aN) 2 (1‘1 erh |(X1 aN) — __VZ %’(ri o R])
1_

«—/\ﬂe%éﬁlndex
—Z lﬁ“k'“@/(“ Y%+ i

H - #9ind
(1 rn[Holas - “N) ZN Hk:tl(rklak)(rllh |“1)ZZN (ri|hi|a;) Jindex

(ry - rylag - a i=1 [ lizi{ricl o) (rilas) i=1 (rila;) E




%E\ \ou—FﬁIJ/}i&ﬁE]ﬁ %

RIS

(r1'“rN|V|0‘1 “N) ZN Hkiiii(rklak)( ‘V aia z ‘V‘aa
Gy i@~ an) 2 Luis) T (el mlan)(r |a] =22y e
(al...aN|He|a1...aN)

(ay - anlay - ay)

FEAAFE TR, #A: (Negele & Orland##+, 2 X.1.30)
(ay - ay|He|a; -+ ay) - [dry - [ dry (al ---aN‘rl cory) (g oy [H

4 2b .
2.ft: E=

ay)

b= (ar - aylay - ay) Jdry - [dry (@ - an|ry - rn)(rg - rnfag - ay)
B fdr1 “'fdrN (a1 ...aN‘rl ...rN)(rl TN ‘P\IO |a1 ...aN)
— fdl"1 ...fdrN (al ---aN|r1 °“1‘N)(1‘1 “'er“1 ”'aN)
+fdr1 e [ dry (@ - anfry ) (e - [T - )

fdrl s f drN (al s aNlrl s rN)(rl cee eral cee aN) 73



EBRSTHRIRKEANFE

o ZN [ dr; {a;]r;) 1‘1. ZN fdrlfdr ;o ‘rlr]) (r1 I ‘a a)
B 2

i=1 | drj{a;|r;){rila;) izj [ dri{a;|r; )(rllal)fdr (a]|r )( ]|a]-)

/

N J dr; [ drj [ dry [ dr (a a;|r;r;) (rl I
zz J dria;lri)(rila;) [ drj(a;|r;){rj| @) (Negele & Orland# 4, 2 %1.59)
szdrlfdr i [ dry [ dr ((xlcx]|r1r])5(rl )8 (rj — r)v(r; — ;) (rery aiaj)
"2 [ drifalri)(rilas) f drj (e|r;)(rj|o)
szdrlfdr a;a;|rir; )v(r; — ])( j‘aiaj)
2 [ dridalri)rilas) J dry (a]r;)(rj ;)

ENfdrlfdr i (ailri)(ar; ‘V(r1 ])krilai)(rj|aj)
"2 J dri{e|r)(rila;) [ drj (a;|r; 05| a;) y

rkrl)(rkrl ‘a a])




Hartree 7 3%

—~ 1 1 <N N 1 <N
He — —52%11 Vlz + Zi,j V(ri — R]) —+ Eziii' V(l"i — I"il) = %\Izl hi + Eziii’ V(I'i — I"il)

Yo, ay = (ry--rylag - ay) = (rqlaq) - (rylay) = 1/Ja1(1“1) l/)aN(rN)

$

(I‘) % JH#/TJCO =8
Yo (i) AR Ansatz: %, W H 09K &

A5 E = (Wayay|He |Yayay )

74, BH :

1. 7 Hartree®#E 22 TW % A s #14L ;

2. Wy gy Faray R ER, CRHARFAZIES LR ELTFHE (2F) .
3. TEHWEMERIMEAIT 5. &46F =5, RNTUAY,.NETo

AT, BMNTAEISAZERY, EAVL.NG25H, mVPL. BP0 B Yn(rN)
R XA RIANATHE, RESEFY,(r) B Yn(ry) Lo

D. R. Hartree, Proc. R. Soc. London A113, 621 (1928) 75




Hartree % 3%

¢1(F1)§' Yn(rp) R FA T HE, KAV ENGBRRZE LT — f£EXHF—AFRA
T, SE® T 5F0 T

L= (P |He|Wrn) z & (i) — 1)
& 5 Itﬂl?elmlﬁwﬂai% FINE ibmtwnw%iwwi(r)o

N
L= (1(ry) - Y@y |Help1(ry) - Pn(ry)) _2i=16i(<¢i|lpi> - 1)
= (1) = Yn ()| I By + 3TN v = 1) [a () -+ P (i)
N
— zi=1€i((1/)i|l/ii) —1)
= zi=1(¢i|ﬁi|l/)i> + %Zii, f dr; dryv(r; — 1) [ (e 1% [y (ry) |2

N
DI CLAREY .



Hartree % 3%

TS, B—A B8, bRMY + 6. H2AE, LEAL+SL, SLAEAHK, Sl
3. HANE 0 ROL/SY;

o) 1EGL, BB BAE A LR, BREE-NDPTR, B, MM BAE, FTHAIKRESRE T
REMAFEBREZETHFAATZ—EHE,

L + 6L )

= (P1(ry) , -, ¥;(r) + 69;(xy), -, Yn(on) | Zit s hy |1 (re), -+, 5(x5) + 85(x;), -+, Yn(rn))

+ (¢’1(l‘1); <, 15(15) + 695(1;), "':le(rN)‘ > L v — 1) [Pa(ry), -, () + 89;(xy), "':le(rN))

N STi5i" 3 ANFEARAR Ao, AEANSS
) z#,ﬂ«ww-) — 1) = (W + 0wyl + 6y) — 1) \ﬁ%ﬁiz‘;%}dzﬂ a
j dr; drov(ry — 1) [ () 2 Wy (00

lz: (ilhilwi) + (w; + 89|yl + 6, ] 22
2% T, RBE AL £ é’]]ﬁnﬁaz\_ﬁi
z:nt]fdr1 dryv(r; — 1) [ ) 12|y (1)) + Sy (ry) | iy o %%‘Mh‘#m& % i, ot

—> xfiAnfas BL A T TR ARA- R Ao BA
— z & (Wil — 1) — ((y; + 8|y + 8y;) — 1) Sh— G A FimA, RKERF Tjo
i# ] Y

i#i! #j




Hartree 7 %=

FIL 4+ SL L, #7564 —

5L = (5¢,|h ;) +c.c.

1¢] f dr; dr; V(rl ])llpi(ri) |25¢j* (I'j) 1,01- (I‘j)-I-C.C.

_EJ<5¢J|‘/’J> — C.C
£ 484E6L/8; =0, kAT 2

hj;(ry) + Yizj [ dry v(r — )i ()% ¥i(r) = € ¥;(r;) €= cc.
XA AHartree 742, A Tk AR R BIFHE — &, RMNET ARG G HEIT 20 R— A
BHHE=HESY, —aMEIERAGIE:

- Eviz ;1) + X v(ry = R) ¥5(1y) + [ dry v(r; — rj)n(e)w; () + V() w5(r) = & ¥5(r;)
o
ol V() = —fdl‘i v(ry = 1) |9 )|
CHER, flew Tl g 4B RAGER, IANZTEFELREALEZG—NEARER,

) 12 5K FR b, RS AT R R X — b
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REH—T&EMk. & T (P..n|He Vs N)é%%-
(1r2) = PN Z B+ 5 Z0 v = 1) [ (1) P ()
%Ej‘/‘%/ié@ﬁﬁii\‘ﬁ.

——Vzl/J (ri) + X v(r; — Ry) ¥i(r;) + 21 121 ) dry v — )|y ()12 i) = € i)

F s, € fbtiiiz, 25— NS FRAMEVERARGELZIHE, RTFEXANAREA, 4o KA
F#"&W’ % — Xk KHartree t L T 89 % 48 69145, HRANA1F 3]

N N N
E. = Z €; — éz Z/ i \r Tf dr(tlr’
i=1

1=1 j#i
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Hartree7}‘ =

Hartree7f/£—é’7 AN S B PR A —FF B 6389 5% (Lindsay) . XAl 2 F 324K
TR RE 2, Z\: ‘
= 2K, IRatig
VH(p) = / n(r’) o Care 5] A!
r—r'|

N . N N
£ — Z‘C' B EZZ i ()| (x)]? ey
e — -1 9 ‘I‘ — I‘f‘ ardr

=1 =1 j#i 80



]
> S—MRER FERTANBENE;

> KAWL

> Hartree 73£

> Hartree-Fock77 %

> Post-Hartree-Fock




T A AR, Hartree-Fock 7 3%

The wavefunctions from this theory did not satisfy the Pauli exclusion principle for which
Slater showed that determinantal functions are required.

J. C. Slater and H. C. Verma, Phys. Rev. 34, 1293 (1929)
V. Fock published the "equations with exchange" now known as Hartree—Fock equations.

Many-body wave function (Permanent#zf= X s Determinantfy 7] X,) :

Per (g, (ry) = Way (ry))

LIJ“l"'OIN = (I’l ...I*N|a1 ...aN> —

VN TIn,!
TR TR
1
‘Pal---aN — (1‘1 I'N|0(1 aN) — W Per (l/Jal (ry) - lpaN(rN))
T~ O\ 1< . . 1y
X_7) Xj’%; E = (Lpal---aNlHelwal---aN> Hartree & jﬂb/é‘i%ﬁdﬁ‘—[—']ﬁ fit‘/"ﬁ%, Slateré’fj jb}é‘;%-%r‘j&"/a\ﬁ?c,
Fock#y ¥ J& & < 22 4%

V. Fock, Z. Physik 61, 126 (1930) ° .



T AT AR M. Hartree-Fock 7 %

THast%: E= (qjal---aNlﬁellpal"'“N>

PLEA

1 IR YT ARG

2. L&MW, oy T an WIRE R EE,

3. Ry REMASE Y. 6%, RMNTURAY,. . NETo

Bl Bf, mEEZ6ER:
%(/{1]?){4]333./!\'5%4{%; %‘PlNé’J/ixL, ﬁ%qleEblpléﬁlZ—Ié}i%/j 3\4/71%/'/{0 L?;Hartreeif
EARR T A, HTREFRIE, )iXMRHRAN, THB— 2L, TUREMLEZE
—Arj. Fb, RMNAETSWE, THGVARZYNE X, € LAY + 6P, R
R, | AR T AT R aHE, A () + 8yi(r).

V. Fock, Z. Physik 61, 126 (1930)
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AR AR IR T 89 0 R 2K

Pi(r) Pi(p) o i) ¥a(m) e ey
1/12(.1‘1) 1/12.(1‘2) 1/12.(1‘1) l/JZ(I‘j) o Pa(ry)
1,/Ji(.1‘1) 1,/Ji(.l‘z) 111161’1) ¢i(rj) wi(:rN)

1Pj(.r1) lljj(.l‘z) l/’j(.ri) 1,/Jj(:rj) l/’j(.rN)

1,DN.(I’1) letl‘z) l/}N.(ri) ¢N.(rj) llthI’N)
SFEHamE, RENER f%;falpj?ij@lpj*‘&lijo MR B, ZARKBET

Y.n+ OV
1 (ry) Py(1r;) (1) s a(n) ()
1,02 (r1) Y (1‘.2) P (ri). P2 (l‘j) 1/12 (I‘N)
L ¥ (rl) ¥i(r2) 1/).i(ri) ¢'(r-) i (rN)
lp] (1‘1) + 5770] (1‘1) l/}] (rz) + 6¢] (rz) I,D] (rl) + 61,0} (rl) 1/)] (I‘ ) + 5¢] (I‘ ) l/)] (rN) + 5¢] (rN)
onD  n(s) () () Pl
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T TR Hartree-Fock % &
FeHartree 77 i% 0L, B B F R FHEKGERELZER A —, EAXHFE—NRF T, FEGTH

FO T AT _ N
L = (Wy, . | Ho | Wy ) — z__lei((ili) —1)

XEHF — ARG EAE B BT, M85 NEZA T KM E kT 8 F T 12
TaRMEERN, RARIBYAEA LR, RE—ANDHENE, BB 2605,

W,.n + 0¥ N

1 (ry) 1 (r2) s (1) s Pa(n) w1y (ry)
1/1.2 (ry) Y, (roz) Y, (ri). l/JZ(I‘j) o 1P,(ry)
1| i) b i) < () )
VNI : : : : :
Yi(ry) +6¢;(ry)  Y;(rp) + 69(ry) -+ Pi(ry) + Y)Y (r;) +’5l/)j (r;) - YN + 6 (ry)
I/JN(I‘;) I/JN(I‘z)’ | 1/JN’(1‘1) 'abN’(rj) IIJNGN)

PRI TRE, —AMTAIKXANGR, B —ARRK, AOYjHIRMRK. A THAGY;, TEFEC
B ANRAT 4, BRI — . B, ERHOYE, BRI B B 2 69 7T dk4e
T o5



T TR Hartree-Fock % &

(8; | |yy) +c.c.

FeHartree 77 ik 2 b, 354&5 P B B T34 % 32458 B = T 69 0Bk 2
—€{8jlihy) — c.c.

TR BINERIRIIFH S BT RIS TL, RNERZFH SRILF LK.

l'pl...N + 5IP1---N
Py (1) Py (r2) Py (1) o a(n) o Py ()
l/{z(ﬁ) 1/J2(1"’2) 1/J2(1"i)’ lpz(rj) o 1Pa(ry)
1w Pir) v ] - [m] -~ wiiw
VNI : : : : :
Yi(r) + 8Yi(r)  Py(ra) + 69(ra) -+ i) + 5y | - [¥y(r) "‘.51/11' (ri) - ¥(rn) + 695(rn)
1/JN(1‘.1) EbN(l“z). | l/JN.(ri) le.(rj) leérN)

b MEERGHANEFRHRALLERZGEE, €5 £ WLEL+ L2 A —46, 6L
AR, AR LE—NMLAE] —DMRES—AS (LA B, F36LA THk.
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7)éé7 T 5 %(441]7%\36 ﬁh%?“\ﬁlﬁ/l\z%ﬁrl\ Fj é{lﬁ/"\é]\I
1
> [l/Ji*(I‘i) (l/J]* (r;) + 6y (I’j)) - (l/J]* (r)) + &Yy (ri)) Y (I'j)] v(r; — 1) [lpi(l‘i) (le (r;) + 8 (l‘j)) - (IP]' (ri) + 6 (ri)) lpi(l‘j)]
R
1
> [; CeDw; (1) — i i (1) [v(ri — ) [ Dy (1) — ;i (r)]
Xd—rl‘ r]ééﬁlr{é?\o 47%%7§]J#]%\7 '/E]\_/le&g-—]:%’ :‘3”}[‘47\%
%1/Ji*(1‘i)5¢fk(l‘j)V(1‘i — ;)i ()Y (ry) + %5¢f(ri)¢ik(rj)V(ri — ;)5 (e () +e.c.
1 * % 1 % *
- El/)i (r) 8] (ry)v(ry — 1) )i () — §6¢j ()i (ry)v(r; — )i (e (r;) — cc.
b % — 47T, GRS GEE, TREE—R, T
f dr; J dr; gbi”‘(ri)&,b;(rj)v(ri — r]-)tpi(ri)tp]- (rj) + c.c.
B AT RS EME, TRAE—R, &
— j dri J dr] l/);k (ri)&/)]-*(rj)v(ri - r])l/)] (ri)l/)i(rj) — C.C.
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SE—, A
(8;|hy|;) +c.c.

B AR IR 2

j dr; j drj 7 () 95 () v (i — 1) (e (1) — j dr; j dr 5 (e85 (r)v(ri — 1)y i () + cc.
FAEB B B T3 A2

—6]-(51/J]-|1/J]-) — C.C.

ZH AR, W RBEMNZREGIEEA B 6P () R AR, PSR EH KT
AT

hy(ry) + Bisg [ dri i CDYi V(s — 1)) — Big [ dri i Y5 v — 1)1 () = €35(r;)
X AT VLS

=2V () + S v(ry — Ro) ¥y (ry) + J dry nev(r; — )y (ry)
—z f dr; i ()P (rv (e — 1)i(r;) = e5(xy)
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Ad, HEZFAMKMAYS (HartreedR) , F w9 AL B L#A (FockR) o XA =]
éﬁ*ﬁ \7FE] I AR o

C CABmAERFTX, FAERFTX, HERMNEEZEZEZHEFT: (Yo, an|He| Yoy ay)

~ 1 1
= Zl<l/}1|hl|l/}1> —+ EJ dri j dI’i/ n(ri)n(ri/)v(ri — ril) — EJ dri J dr] l/);k (I'i)l/}j*(rj)V(ri — r])l/)] (I'i)l/}i(rj)
B = /~7 XN, FeHartreeZyik—#, AR B E Fintfe, HBREZE01/25, & EA~L:

1 1
E = ZiEi - E_[ dri J dril n(ri)n(rir)v(ri — I'il) + Ej dri j dr] l/)f(rl)lp]*(r])v(rl — I'])l/J] (ri)l/Ji(r]-)

XA F/E LG, BNT—F B2HIFHAZ A, foHartreexI b, 32 % 7T XIEF. XA
IR 69 FFAE R JE B IRAT
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XERT, flﬂ%&ﬂ'l]}ﬂ*‘/\ﬁ&ﬁéﬁi TARREE R, BANTRAAETLIRSZERTGIME T RS
tbde AT VA A T g = & i ﬂiﬁ’?]&/&i} ST AL

f=h+ z(]l—K)

gk () = -3 Vn(n) + ), v - R v, (1)
Jip;(r;) = f dr; Y7 ()Y c)v(ry — ) (r;) K(x;) = j dr; Y7 ()Y (c)v(r; — 15)P;(r))
BAROR B TRRA: ()= evi(t)  IAFE K P 3k A3 AFock Operator

w S ht, AT VUG R EIE A g X

N 1 N N
E =Z(¢1|B|z/) +§zz ¢¢]|V|¢ lp]
i=1 i=1j=1

LE AT, IANALREE, AR ERT, ARG XKL, A
N
= (yi|h|y;) + Z(l/)il/Jj|V|l/Jil/Jj) ‘ Total Energy!
=1
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Koopmans Theorem

&, Koopmans Theorem£1934F 32 5 69 B4% , L T XAE—ANFIF: ffrozen orbital approximaton#JiEZR T,
Hartree-Fock Approximation Z @ AR ANFAGPA B B FAH R RS H EFESRERPRK AR EESRKE S, L2
HOMO. LUMO, ZA#HEE X8, BNgHEE L, LMo R A 8T 68 5 e F bt

T. Koopmans, Physica 1, 104-113 (1934)

Gk, HADFTE mdLA E4-F 48, LA ghe, B — /A F &i9Koopmans theoremo BB, R R ZZ %
FHEMER, REAPETHE. ARSI FALHLF L.

ARMMIXANE LR, EANFHOMOIE Ha, LUMOIE Hr. XﬂLH(]\?MO, H:
o = (Walfla) + ) (watty|VIwas)
j=1

Z

N
~ 1
CHIL? BAERAS QT RGO ER, RANCTAR,  Ey= Y WlRlp) 45 Y Y Wabvva)
HOMO# & 3 : i i=1

AAN-1EF # %, HOMOM & FA4 F A : En-1= ) (¥i|h]ys) +
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Koopmans Theorem

M RKE: 1 &
Ex — B-1 = (a[B[3a) 52 Pathy[v]ipay) + Zu/z PalvIipiipa)

= <lpa|h|l/)a> ZN= (l/)al/)]|V|l/Jal/J]>_Ea
STLUMO, 8 3 74—+

Ent1 — En = €

A7 32 : Frozen-Orbital Approximationo IANET 42 B A R Ko To cure this problem, L% & 5k FEA GWIL A
community /& 89 A8, X 69 — ANRFancy 89 5235, £ ARPES,
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Post-Hartree-Fock Methods

Hartree-Fock&F B MR R Z B A469: 1. 20 -F4K A, 2. LMEIERAN S BTFHKRA,

Infinite basis set results

One electron Two electrons
E, =-0.50000 a.u. E, =-2.86168a.u.
E.yaet = —0.500 00 a.u. Eevact =—2.903 72 a.u.

Error ~ 26 kcal mol-'!
H He

FLRAYMRE? BE: AXMEER (XK .

Pi(r) i) o e () e ()
l/’z(.ll) l/’z.(rz) l/’z.(ri) lliz(l‘j) o Pa(ry)

L wil) it o B e ) i)

l/Jj(.I‘1) I/Jj(.l‘z) l/)j(.ri) l/Jj(:f‘j) 'Pj(.FN)

1/JN.(1"1) 'PNtrz) le.(ri) le.(rj) leérN)
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Post-Hartree-Fock Methods

W Ty ik, =
1. aaAMEAER (CI) £, A KEHZidTSlatersT 5] X 09 &k 40 0 & £ B

Hb, REARYCIHZ R A LBHE A, A — 27325 FHiE, KRB ASlaterf T RE R ARAE M EBE L, &
MEm, BT THENMTINXNTOAENMNECTFAK, BLMAR TR, ARTILRE, #mAEZSIETSEMXITA

W F . .
| H— ES | = ( — 1p=a1pF+EE fqﬂ_,_EE A

i<j r<s

X P —ANBAAF A AR AN ZENE, CRHAHFEE TS, AHE ST L0 w48 ZA4F R 0 8H1E, £ T H K
A IR?

do FIRERE IO E, BAZRHBAER S B FHANESL, @ R Zsingles double excitations, AP R T, XA
#hAAAVE BLAGCISD. XA B4R AT — A% JAHF#SCF = 4 &9 3138 36 7T VA

o RARERE TR, o REJET @R 2 T HANAS, R AHF il 3 F ZAupdate, FHB EXGR T X
Aupdate, RETEEFJE R AL, RAEH BB A it . XA 2 AT #1489 multiconfiguration  self-consistent
field (MCSCF), tbdw: CASSCF (Complete active space SCF) + RASSCF (Restricted active space SCF) 95



Post-Hartree-Fock Methods

P ZMCSCE#EAL#LIE )&, B#CL, A3 A AN F BLgMultireference CI (MRCI) , —#& 2% H4Egolden reference.
12 Bb 75 ik RE A9 AR R ARAR DN, REZ LT AR T, BT ERRLIL-FRT A

2. A 77 ik, Moller-Plesset (MP) Perturbation Theory
Nk A eI ZBe A R Z AR, B4 2H, £X2—HT. i —F, £ZHF;

HeFa | 0, ZMP2; =M, AMP3; W, ZMP4, I EMP2AEEIRIT

Jo AKX AT FE P ARAL T 2iE, #k2CASPT2. RASPT2,

3. #5463 (Coupled Cluster) 7 %
W) = eT[Wo)
AT k@R EEY — AR B AP cluster operator, WK AT. B AL £ OAHBEY, 2RINAE LT 04
single. double excitation (CCSD) , 122 & T35 /& 7, disconnected clusters By &F 2 49 25 283 Z B & 7T A L&t %
89, XANFeRPAFKRIGH T, BRREEHEH XN R ZH, (2RESFN LT Mo XA L 3T 69 ALK
s EEMNXBFHTENNERIRE, AT ENANIR, AZRAEERESEH,
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% 5 K mHeH % & 1Kk £ ¢9Restricted Closed-shell Hartree-Fock # #289SCFA2 5, M ANB 89 38 & % A 45 #14
R=1.4632 au., 44K EZ2A H//AEF, KJASTO-3G minimal basis set (FNE FE—ANKEKFZHK) , BL4AE XNTMK

https://www.basissetexchange.org/ F 2,

£ K. 1) #ealgebra, algorithm, program#g 7 X, VN
2)a¢ﬁ%i%ﬁ,&mm4k<ﬁm¢AAﬁfﬁ);
3) iEE AR, AL Apython, st 2T F. HARZ LN JHALH, FFAEA LA,
4) W ERIEFEHES BT LA,
5) W mEksnne (B TRRTEEECHFR) , TERHESES, ST,
W 5AZ R G| AL FETE Ve, S F AR 4E V0
6) ik HuidE Ak = ;
7) & T HE B K E WA

Gy
?Qn
~—

H

Fo it KA (5

%% A. Szabo #= N.S. Ostlund 5 ¢ Modern Quantum Chemistry#y % =% (HF &/, X A RAE /¥
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