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Effects of electric field on the electronic structure and optical properties of quantum rods
with wurtzite structure
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The Hamiltonian of wurtzite quantum rods with an ellipsoidal boundary under electric field is given after a
coordinate transformation. The electronic structure and optical properties are studied in the framework of the
effective-mass envelope-function theory. The quantum-confined Stark effect is illustrated by studying the
change of the electronic structures under electric field. The transition probabilities between the electron and
hole states decrease sharply with the increase of the electric field. The polarization factor increases with the
increase of the electric field. Effects of the electric field and the shape of the rods on the exciton effect are also
investigated. The exciton binding energy decreases with the increase of both the electric field and the aspect
ratio. In the end, considering the exciton binding energy, we calculated the band gap variation of size- and
shape-controlled colloidal CdSe quantum rods, which is in good agreement with experimental results.

DOI: 10.1103/PhysRevB.68.165316 PACS number~s!: 73.61.Ga, 78.66.Hf
d

f
ch

l
um
p
al
po
la

o
o
e

av

v

th
er

nc
e

th
c
b

e-
r
n
a
tr
e
li

per-
nd

pect
red
ent
d a

ric
of

ork
cts
iton
er-
ith
and
l is
ole
eld.
ce
the
rly
rob-
re
tric
t is

ith
the

he
lcu-

III.

r as
I. INTRODUCTION

Ever since the shape controlled colloidal quantum ro
were achieved by modifying the synthesis,1,2 such nanostruc-
tures have become a major subject of attention because o
freedom it offers in tailoring the materials and its mu
wider range of applications, such as biological labeling3,4

and optoelectronic devices.5 The electronic structures, optica
properties, and linearly polarized emission of the quant
rods have already been studied systematically. For exam
Hu et al.1 studied the electronic structure of the colloid
quantum rods in the framework of the empirical pseudo
tential theory and predicted and observed the linearly po
ized emission of them. Li and Xia6 studied the electronic
structure and optical properties of the same quantum r
and explained the polarized emission in the framework
effective-mass envelope-function theory. A size-depend
optical spectroscopy was measured and studied by D
Katz et al.7 But until now, effects of the electric field on
these properties have never been considered.

On the other hand, the effects of the electric field ha
been studied for quantum dots of other shapes such
spheres and cylinders. The effects of electric field on
electronic structure of a semiconductor quantum dot w
investigated by Chang and Xia.8 A selection rule for the op-
tical transition between the conduction band and vale
band states was given and the exciton binding energies w
calculated as functions of the quantum dot radius and
strength of the electric field. Quantum-confined Stark effe
of InAs/GaAs self-assembled quantum dots were studied
Li and Xia9 in the framework of effective-mass envelop
function theory. The quantum dot was taken as a cylinde
their calculation and the redshift of the optical transition e
ergies and energy difference between the ground state
the first excited state were given as functions of the elec
field applied in a different direction. Still, the effects of th
electric field on quantum dots are very important for app
cations.
0163-1829/2003/68~16!/165316~7!/$20.00 68 1653
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Size- and shape-dependent electronic and optical pro
ties of colloidal quantum rods are also very important. Ba
gap variation with the size and shape is an important as
in both physics and applications. Li and Alivisatos measu
the band gap energy of CdSe quantum rods with differ
widths and lengths in Ref. 10. Systematic discussions an
fitting surface are also given in that paper.

Motivated by these, we studied the effect of the elect
field on the electronic structures and optical properties
CdSe quantum rods with wurtzite structure in the framew
of the effective-mass envelope-function theory. The effe
of the electric field and the shape of the rods on the exc
effect are also investigated with this method. Still, consid
ing the exciton binding energy, the band gap variations w
size and shape of the quantum rods are investigated
compared with experimental results. The theoretical mode
given in Sec. II. The energies of both the electron and h
ground states decrease with the increase of the electric fi
The electric field potential item contributes negatively sin
the electron and hole tend to float along its direction in
confined district. A quantum-confined Stark effect is clea
indicated by these facts. The changes of the transition p
abilities and the polarization factor with electric field a
investigated. We further studied the effects of the elec
field and the shape of the rods on the exciton effect. I
found that the exciton binding energy decreases sharply w
the increase of the aspect ratio of the quantum rods and
electric field strength. Also, the band gap variation of t
size- and shape-controlled colloidal CdSe quantum is ca
lated. These discussions and results are given in Sec.
Finally, we draw a brief conclusion in Sec. IV.

II. MODEL AND CALCULATION

A. Electronic structure and oscillator strength
of optical transition

For wurtzite structure CdSe quantum rods, thez axis is
the long axis. We assume the electric-field strength vecto
follows:
©2003 The American Physical Society16-1
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E5EQR~ cosu1k1 sinu1 cosw1i1 sinu1 sinw1j !. ~1!

Since it is symmetric along thez axis, we can takew1 as 0 in
the calculation. Then the electric field potential term in t
Hamiltonian for the hole and electron can be simplified
follows:

V~rh!52eE•rh52eEQRr h~ cosu1 cosu

1 sinu1 sinu cosw!, ~2!

V~re!5eE•re5eEQRr e~ cosu1 cosu1 sinu1 sinu cosw!.
~3!

For our cases of quantum rods, we take the boundary co
tion as elliptic and assume an infinite barrier. In order
simplify it into that of the spherical case which has a bet
symmetrical characteristic,11–15 we use the coordinate trans
formation which can transform the boundary into a spher
one in a new coordinate system introduced in Ref. 6,x8

5x, y85y, z85z/e8, where e8 is the aspect ratio of the
ellipsoid,x, y, z are the actual coordinates, andx8, y8, z8 are
the transformed ones. The total Hamiltonian for the h
state is the summation of the Hamiltonian with zero sp
orbital coupling ~SOC!, the spin-orbital coupling Hamil-
tonian, and the electric field term. The hole and elect
Hamiltonians in the transformed coordinate system and
spin-orbital coupling Hamiltonian are given in Ref. 6.

The electric field potential term for the hole is written

V~rh!52eE•rh52eEQRr h
8~e8 cosu1 cosu8

1 sinu1 sinu8 cosw8! ~4!

in the new coordinate system, wherer h8 is the transformed
radius. That for the electron is written as

V~re!5eEQRr e
8~e8 cosu1 cosu81 sinu1 sinu8 cosw8!

~5!

in the new coordinate system, the boundary is spherical
we expand the radial part with Bessel functions and the an
part with spheric harmonic functions as in Ref. 6.

To simplify the calculation, we use the spheric harmo
function to describe the electric field Hamiltonian term

V~r !52qe8EQRR cosu1~r 8/R!~4p/3!1/2Y1,0

2qEQRR sinu1~2p/3!1/2~Y1,212Y1,1!, ~6!

where q is e for holes and2e for electrons andR is the
transverse radius. Since the second term in the above e
tion will couple states with differentm, for simplicity we
only consider the case of the electric field along thez axis in
the following, i.e.,u150. We use two parametersK8 andK
defined as follows to represent the electric field strength
the calculations of the hole states and electron states, res
tively:
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K85
ee8EQRR

g1

2m0
S \

RD 2 ,

K5
ee8EQRR

1

2mx
S \

RD 2 . ~7!

In the above descriptions,EQR is the electric field strength
in the quantum rods, notEext, the actual electric field ap
plied. The relationEQR and Eext for the spherical case is
described in Refs. 8,16–18. For the elliptic case, the rela
is rather complicated. We simply list the relations as

EQR5
e2

e1n(2)1~12n(2)!e2

Eext,

n(2)5
12e2

2e2 S ln
11e

12e
22eD , ~8!

wheree1 is the dielectric constant of CdSe ande2 is that of
its surrounding materials. Since the main purpose of this
ticle is to study the effect of the electric field on the ele
tronic structure and optical properties of quantum rods,
directly takeK8 andK as parameters.

By solving the effective-mass equation in which we i
nored the exciton effect at first, we can calculate the ener
of electron and hole states and the oscillator strength of
optical transition following the method given in Ref. 14. B
cause of the ellipsoid symmetry, only thez component of the
angular momentum is the good quantum number. For
electron it isLz and for a hole it isJz(J5L1S,S53/2).

B. Exciton effect

We take the exciton effect into account by adding t
Coulomb interaction between the electron and hole into
Hamiltonian given above as a perturbation because the
of the quantum rods is much smaller than the exciton rad
aB . The Coulomb interaction term between the electron a
hole can be written as

Ve-h52
e2

e r r eh
. ~9!

The matrix element of the Coulomb interaction can
calculated by using

1

r eh
52 (

k50

` r ,
k

r .
k11

Pk~ cosueh!, ~10!

Pk~ cosueh!5
4p

2k11 (
m52k

k

Ykm* ~ue ,we!Ykm~uh ,wh!,

~11!

wherer, u, andw are the real coordinates of the system,Pk
is the Legendre polynomialueh is the angle between th
6-2
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TABLE I. Parameters for CdSe in the actual calculation~from Ref. 6!. See Ref. 16.

mx mz g1 g2 g2
8 g g1

8 g3
8 A Dc ~meV! l ~meV!

0.1756 0.1728 1.7985 0.7135 0.7970 1.4492 2.166 0.3779 0.6532 252139.3
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position vectors of electron (re) and hole (rh), r ,

5min(re,rh), andr .5max(re,rh).
15

With the model given in the above subsection, we can
the energy states and the wave functions of both the elect
and the holes. The wave function is written by the tra
formed coordinates which are represented byr 8, u8, andw8.
For a specific optical transition from one electron statei to
one hole statej, the exciton energy can be calculated by t
following equation:

^Ve2h&5^ceich juVe-huceich j&, ~12!

wherece and ch are represented byr 8, u8, andw8, while
Ve-h is written in the real coordinate system. We can use
relationships between the real coordinates and the tr
formed ones as follows to do our calculation:

cosu85
cosu

Ae21~12e2! cos2u
,

r 85rA11S 1

e2
21D cos2u. ~13!

The integration of Eq.~12! is done in the real coordinat
system for an exciton state.

III. RESULTS AND DISCUSSIONS

A. Electronic states

We use the effective mass parameters for CdSe give
Table I and takeR52.1 nm and the aspect ratioe8 as 2.

FIG. 1. Energies of theLz50 electronic state with respect to th
bottom of the conduction band of quantum ellipsoids as function
K, in units of«e05(1/2mx)(\/R)2 for e852.
16531
et
ns
-

e
s-

in

Figure 1 shows the energies of theLz50 electron states a
functions of the electric field applied. Figure 2 shows that
the Lz51 states. The signalsS, P, D of each line represen
the main component of each wave function for the zero e
tric field case. As we can see from Eq.~6!, different from that
of the electronic structure without the electric field applie
the electric field term includes aY10 term in the Hamiltonian,
which will couple both thel and l 11 components of the
electronic wave function. From both Figs. 1 and 2, for t
ground and low excited states, energy decreases with
increase of the electric field. Physically, this is because
electric field produces a potential well in thez direction of
the quantum rod, resulting in a decrease of the energie
low lying states~quantum confined Stark effect!. The unit of
the electric field strengthK is dimensionless@see Eq.~7!#.
From Fig. 1 we see that the energy of the ground statS
decreases to zero~the conduction band bottom! at K523.
From Eq.~7!, for a constantK, the electric field strengthEQR
is inversely proportional to the aspect ratioe8 and the third
power of the transverse radiusR, so the larger theR ande8,
especiallyR, the stronger the effect of the electric field. If w
compare these two figures carefully, we find that theS state
decreases quickly withK in Fig. 1, which is followed by that
of theP states in both figures. This tallies quite well with th
result given in Ref. 8. The firstD state decreases slightl
with K and the secondD state waves in both figures. This
due to the orthogonality of the excited state to the grou
state. We also take out the datum of the firstP andD state to
compare the effect of the electric field on the state with
samel and a differentLz. In Fig. 3, we see that for bothP
andD states, the energy for theLz51 state always decrease
faster. This is becauseLz50 states mainly extend in thez
direction, while theLz51 states mainly extend in thex-y

f
FIG. 2. Energies of theLz51 electronic state with respect to th

bottom of the conduction band of quantum ellipsoids as function
K, in units of«e05(1/2mx)(\/R)2 for e852.
6-3
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directions. TheLz51 states shifts to the one end of the r
in the electric field more strongly than theLz50 state.

B. Hole states

Figure 4 shows the effect of the electric field on theJz
51/2 hole states. The signal of each curve represents
main component of its wave function. The energies are
culated from the top of the valence band downwards. For
same reason discussed above, the hole energies also de
with the increase ofK8. Figure 5 shows the same for th

FIG. 3. Energies ofLz50 and 1 ofP andD states with respec
to the bottom of the conduction band of quantum ellipsoids as fu
tions ofK, in units of«e05(1/2mx)(\/R)2 for e852. TheP states
are represented by dotted curves andD states are represented b
solid curves.

FIG. 4. Energies of theJz51/2 hole state with respect to the to
of the valence band of quantum ellipsoids as functions ofK8, in
units of«05(g1/2m0)(\/R)2 for R52.1 nm ande852. The labels
represent the characteristics of the hole states in order from u
down, respectively.S, P, D represents the major component of ea
wave function for the zero electric field case. Indexesx andz rep-
resent that the basic function of the envelope function is anx- or
z-like Bloch function at the top of the valence band. ‘‘Down’’ mea
down spin while no label means up spin.
16531
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Jz53/2 hole states. From these two figures and that of
electrons above, we can see that the band gap decr
clearly with the increase of the electric field.

C. Transition probabilities

Figures 6 and 7 show the total transition probabiliti
from the firstLz50 electron state to the first fiveJz51/2
and Jz53/2 hole states as functions ofK8, respectively. In
the calculation, for every transition, we calculated the tra
sition probabilities along thex andz directions, respectively
They are different from the equations we used in Ref.
because the firstLz50 electron state is comprised of bo
even and oddl components. The transition probability is pro
portional to

c-

to

FIG. 5. Energies of theJz53/2 hole state with respect to the to
of the valence band of quantum ellipsoids as functions ofK8, in
units of «05g1/2m0(\/R)2 for R52.1 nm ande852. The mean-
ing of the labels is the same as in Fig. 4.

FIG. 6. Total optical transition probability from the firstLz50
electronic state to the first fiveJz51/2 hole states~labeled as in
Figs. 1–5! as functions ofK8. Se is the basic electron state and i
major component is theS state.Px , Sz , etc. are hole states, as i
Fig. 4.
6-4
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where the coefficients are defined in Ref. 6.
The total transition is the summation of all contributio

of z, x, andy polarizations. From these two figures, we s
that the transition decreases with the increase of the ele
field applied. These can be easily understood since the e
tric field draws the electrons and holes in different directio
spatially. From this aspect, we can see that an importan
fect of the electric field on the optical properties of the qua
tum rod is to decrease its transition probabilities which
negative for optoelectronic applications.

D. Polarization of the emission

We further studied the effect of the electric field on t
polarization factor of the emission. Figure 8~a! shows the
polarization factor as a function ofK8. In all the above cal-
culations, we took the aspect ratio of the quantum rods a
Figure 8~b! shows the polarization factor as a function ofK8
for thee853 case. Without an electric field, the polarizatio
factor for e853 case is larger than that of thee852 case.
This follows the rule we discussed in Ref. 6. With the i
crease of the electric field, in addition to the decrease oI z

FIG. 7. Total optical transition probability from the firstLz50
electronic state to the first fiveJz53/2 hole states as function
of K8.
16531
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and I x which was discussed in the above paragraph, we a
found an increase of the polarization factor in both figures
clear explanation of this phenomenon requires an overall
vestigation of the energy state and envelope functions as
did in Ref. 6. We can simply describe it in the following wa
Since the electric field is along thez direction, the wave
functions along the (x2y) directions will be affected more
strongly than those along thez direction.I x decreases faste
thanI z and the polarization factorP increases. This phenom
enon is very meaningful for the application of such quant
rods.

E. Exciton effect

We also studied the effects of the electric field and
shape of the rods on the exciton effect. We calculated
exciton binding energy of the ground exciton state. The
sult is given in Fig. 9. From the figure we can see that
exciton binding energy decreases with the electric field. T

FIG. 8. ~a! Polarization factor of the emission as functions ofK8
whene852 andR52.1 nm. I x represents the total transition prob
ability calculated by Eqs.~14! and ~15! when the polarization is
along thex axis. I z indicates that when the polarization is along t
z axis. P represents the polarization factor of the emission.~b! Po-
larization factor of the emission as functions ofK8 whene853 and
R52.1 nm.
6-5
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is because the electron and hole tend to drift toward oppo
directions along thez axis, so the Coulomb interaction be
tween them decreases. The stronger the electric field app
the farther the electrons and holes are separated, the we
the Coulomb interaction, and the smaller the exciton bind
energy. The figure also indicates that the exciton bind
energy decreases with the increase of the aspect ratio o
quantum rods. We can describe this from the same poin
view. For quantum rods with a larger aspect ratio, compa
to those of the smallere8 case, the electrons and holes a
less confined and the space available for their movemen
bigger, so the average distance between the electron and
is larger which necessarily leads to a decrease of the C
lomb interaction and a weaker exciton energy.

F. Band gap

Still taking the boundary barrier as infinity, considerin
the exciton binding energy this time, we calculated the ba
gap energy as functions of the width and length of the qu
tum rods. The result is given in Table II. ThePL(eV) col-
umn in the table gives the experiment datum of theT
5295 K cases in Ref. 10.Ee andEh represent the energy o
the first electron state and the first hole state, respectiv
Eex represents the exciton binding energy of this electr
hole pair. The last column lists the band gap calculated
way. Compared with the results in Ref. 6, these datum fit
experiment datum given in Ref. 10 better. This is because
considered the exciton binding energy this time. The ba
gap is still a little bigger than the experiment data especi
for the little rods. For the large-size cases, this differenc
smaller. This is because the boundary in our model is
sharp compared to the actual situation. The larger the w
and length, the weaker the confinement, the smaller the
ferences between the boundary condition in the model
the actual cases, and the better the model fits the actual
ation. For these reasons, the energy difference between

FIG. 9. The exciton binding energy as a function ofK8 for the
quantum rods with aspect ratioe851.0, 1.5, and 2.0, respectively
in units of «excit5e2/e rR.
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results we obtained and the experiment data is smaller
quantum rods with larger widths and lengths.

IV. CONCLUSIONS

In this article, we studied the effect of the electric field o
the electronic structures and optical properties of quan
rods with wurtzite structure using the effective-mass en
lope function theory considering the spin-orbital couplin
The change of the electronic state energy with electric fi
was summarized to indicate the quantum confined Stark
fect. In addition to a decrease of the transition probabilit
with the electric field, a very interesting increase of the p
larization factor was also found. The exciton effect was d
cussed. The exciton binding energy was found to decre
with the increase of both the electric field and the asp
ratio. Finally, band gap variation with the size and shape
the quantum rods was calculated considering the exc
binding energy. It was found to be in good agreement w
experimental results. These phenomena were discussed
brief explanations were given.
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TABLE II. Electronic structure of CdSe quantum rods with di
ferent widths and lengths.

Length
~nm!

Width
~nm!

PL
~eV! Ee(eV) Eh(eV) Eex(eV)

Band gap
~eV!

11.0 3.2 2.20 0.5570 0.1170 0.0679 2.4624
11.5 3.6 2.17 0.4447 0.0963 0.0645 2.3328
7.6 3.7 2.16 0.4593 0.1312 0.0878 2.3590
9.2 3.7 2.19 0.4397 0.0976 0.0765 2.3171
8.6 3.8 2.12 0.4254 0.0958 0.0795 2.2980
9.7 4.0 2.12 0.3781 0.0571 0.0714 2.2487

11.6 4.0 2.18 0.3524 0.0817 0.0626 2.2278
13.4 4.1 2.13 0.3417 0.0762 0.0556 2.2186
20.2 4.2 2.02 0.3114 0.0687 0.0390 2.1974
8.7 4.3 2.07 0.3414 0.0803 0.0746 2.2034
8.6 4.4 2.10 0.3292 0.0782 0.0743 2.1894

31.5 4.4 1.98 0.2759 0.0610 0.0257 2.1675
15.3 4.5 2.10 0.2821 0.0644 0.0491 2.1537
12.4 4.8 2.03 0.2593 0.0615 0.0563 2.1208
18.4 4.9 2.06 0.2348 0.0548 0.0416 2.1043
12.0 5.1 1.99 0.2341 0.0571 0.0560 2.0915
11.4 5.2 2.00 0.2288 0.0565 0.0574 2.0842
40.8 5.3 1.90 0.1894 0.0447 0.0204 2.0700
8.5 5.5 1.95 0.2274 0.0594 0.0663 2.0768

23.6 5.5 1.97 0.1836 0.0445 0.0334 2.0510
14.0 6.2 1.94 0.1599 0.0421 0.0469 2.0114
17.6 6.4 1.93 0.1442 0.0380 0.0402 1.9983
6-6
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